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A liorr fen years ayo I ya ve a course <d lent ures on Trb.p momet rie Series, 
Follow in;.’: closely the treatment of t hat subject in P jeimuuds -‘Partielle 
1 Afferent ia Iph'iehu mpmd' ti> atmmpam a abort eoitrse on The Potential 
Panel ion, ( ",i\ rii by Professor U. ( >. i Virre. 

Mv eourse bar. been gradually modified ami extended until it has become an 
int roduet ion to Spherical l Ianmunes and ih*sse!\s and 1, ante's Kunet hum. 

Two \ ears arn> iu\ lecture notes u ere lit ho!^ra|dted by ns class tor their 
own use ami were found ..o eomeuieiit that l ham* prepat rd t hem lot* 
publication, hoping t bat t hey may pro\e in.etui to others as well a-, to mv 
own students. Meanwhile, Protestor Peirce ha, publi died his lectures on 
“ The Newtonian Potent in! Funet i. m ’* t Poston, (linn A ( t, and the two 
Set.s of lectures form a course ( Mat It. Ph y t l\ eti regularly at Har\ ard, and 
intended as a partial int roduet ion to modern Mat hemat teal Pin rues. 

Student., takin:: this eoiu-.e an* supposed to be familiar n itIt : o mneli of the 
infinitesimal calculus a:; i contained in my “ I htferential Paletthw " * Poston, 
(*inn X < h >.) and my “Integral ( aleulus ” (second edit ion, saute publi Imrst, 
it> w bleb I refer in flu* present book as **Iht. ('aid' and “Inf. Paid’ Here, 
as in t be “ < ’aleuhmd' 1 r peak of a “drrhative’ 8 rather than a “ * 1 1 If ereii! ial 

coefficient d’ ami use the not at hm !> inn! o;ir I t d ^ tor “ part ial d«*ri\ a! i % e w it h 

t xr 

respect to .fd* 

l In* <*«uirse w as at hrst.as i have said, an e>,posit ton of Uioutaind * “ Paif i« lie 

1 hffereid ial'deiehumarud' III exteudum it, 1 drew largely from Fmreps 
“Spherical 1 la rnioiiie P* and Heme's “ K inadS umi amend’ and was .nim-u hat 
illi leht e< 1 to Todhliliter t “ Psilirf it Uls of Laplace, I fosse 1, ami Panic”-, p.*rd 
P’a\leiph i “ Theory ot Sound’d, and Form f h f “ I btl eivnt iui Idpmt a m ” », 
in preparing the notes for publication. I h;t\e been yreath aided b\ the 
erit ieisuts ami srnytw t ions o! ns} eoileaeues, I'mtm.ur Ik < h 1’eiree and hr. 
Maxirne IhVher, and fin* latter has kindly routrihnfed tlie hud historical 
sketch contained in Phapfer IX. 

W. K. ItVKULV. 
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CHAPTER 1 


INTKOMVTION. 


1. In many important, problems in mathematical physics we am obliged 
to deal with pntiht! diffnrnihd ey/m/mw* of a comparatively simple form. 

For example, in tin* Analytical Theory of Heat we have for the change of 
temperature of any solid dm* to the flow of heat within the solid, the equation 

l> t u > n\lffn n + [i] 

where u represents tin* temperature at any point of the* solid and t the time. 

In the simplest ease, that of a slab of infinite extent with parallel plane 
faces, where tin* temperature ran be regarded as u funetion of one coordinate, 

[ 1 1 reduces to 

/>,» [ll] 


a form of considerable importance in tlie consideration of the problem of the 

eooling of the earth's crust, 

In the problem of tin* permanent state of temperatures in a thin rectangular 

plate, the equation [ij heroines 

/>> + I*Ja - 0 . [ill] 

In paint* or uphrri m / #W* nlinttft# ( i ) in less simple, it is 


l> <“ " r ‘ [ etC/O't f J tff C»CHin 9 turn + />**«]• [n*] 

In the ease where the solid in question is a sphere and the tern fie rat tire 
at any pant depends merely on the distance of the {mint from the centre 

[IV] r.Mtu.M.M t.. />,(,„> [V] 

In tfjUmitmsi nmnitmiins |i J tteeomea 

/# |# # Rfs fi 8 [/V « p l r n + \ A !>l a *p />*«] . [vi] 


In eonsidering the tl«#w of heat in a cylinder when the fcemjmrature at 
tiny {mint dejsmds merely on the distance r of the jaunt from the axis 


[vi] lHH*omeH 


D f n ii + ^ u ) • 

i* 


[v««] 


* fur tin* sake of brevity we shall often use the symlwil fur the operation JP/ 1 + IV s + />*h 

and with this tmtAtioii <H|tuttitm 11 j would be written /l f n n J V J it. 
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IKTIiOIXHTlON. 


[A.i«. I 


In Acoustics in several problems we have the equation 

J)?!I = >'?//; [\ in J 

for instance, in considering the transverse or the longitudinal vihruf nun ?»t ;i 
stretched elastic string, or the transmission of plane sound w.m-a f houndi 
the air. 

If in considering the transverse vibrations of a stretehed stiiug we 
account of the resistance of tlu\ air [vm j is replaeed by 

J>t!J + -/7 > t y — t*' 2 />;//. ! j x f 

In dealing with the vibrations of a stretehed elastie membrane, u** U, l%r j j, r 
equation 

or in cylindrical coordinates 

itfs = <*(/>** + ' »*,). lKt] 


In the theory of Potential we constantly meet. Laplace's K.pi.itiMii 

.l>;YAr t>*V + /;//•-. <t 

or V-r-.-o 

which in spherical coordinates Ih'couios 

+ y s "•(»»«an + J, f ,,r J 

and in cylindrical coordinates 

1 | 

A 2 /> r .r+ />;r + /nr o. 

In curvilinear coordinates it is 

) | -■ 

where / 1 (w) = /}1 , 

represent a set of surfaces wind, cut, one another ut r.gh. aovh-,. , 
what values are given to p u p t , and and when- 

W—(Pj.pt)* + ( t 3 1 i 3 

V= (/V a )' J + ( l> v p,i ! | , t>, ih d 

“J; ° f + C .° UrSe > must b(1 i« terms of h , ulul 

If it happens that VV -0 V 3 « .n „ 

Equation [xv] assumes tlnfvery siniple' , furm* 

hi* /e V + h* It£V+ (■... 0 
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IWUTUTLAU SOLPTIONS. 
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lb A itfrmitifti ty nation is an aquation containing derivatives or differen¬ 
tials with or without the primitive variables from which they are derived. 

The yrnrrnt sotnthm of a differential equation is the equation expressing the 
most general relation bet ween tin* primitive variables which is consistent with 
the given differential equation and which does not involve differentials or 
derivatives. A general solution will always contain arbitrary (i. undeter¬ 
mined) ronstmits or nrhitrory fnnrtiints. 

A jut rf iriifitr sntnthm of a different ini equation is a relation between tin* 
primitive variables which is consistent with the given differential equation, 
but which is less general than the general solution, although ineluded in it. 

Theoretiealh , every partienlar solution ran lit* obtained from the general 
solution b\ substituting in the genera! solution part ienlar values for the arbi¬ 
trary constants or partieutar funeiions for tin* arbitrary funetiotts; but in 
praettee it is ot ten easy to obtain part ienlar solutions directly from the differ¬ 
ential equation when it would he ditheult or impossible to obtain the general 
solid ion. 

;t, if a problem requiring for its solution tin* solving of a differential equa¬ 
tion is ttrh'riniinttt t there immf always be given in addition to the differential 
equation enough outside eotidithuts fur the determination of all tin* arbitrary 
eon»t ants or ai bit ran f uimt inns that enter into the gemma! solution of the 
equation; and m dealing with Mieh a problem, if the differential equation can 
be readily solved tin* natural met bod of proeedure is to obtain its general 
sol tit ion, and then to determine the constants or functions b\ the aid of the 
given conditions. 

It often happens, how w er, t hat the general solut ion of t he different ial eqiun 
t lull ill quest ton eallliot be obtained, and then, shire the problem if *1* trrm hmtr 
will be solved if bv any means a solut urn of t be equal ion ran hr fotual whieb 
will also antis!) tin* given outride eonditions, it is worth while to try to get 
purfituint' sat at hum and so to eombine them as to form a result w liieh shall 
sat ist) t he gi v m enndit ions witlioiit erasing to satisfy the different ial equal ion. 

4, A different ml equation is Harm* when it would he of the first degree if 
the dependent satiable am! all its derivatives were regarded as algebraic 
unknown quant it ms. If it is linear ami eontains no term whieb does not 
involve tlit- dependent variable or one of its derivatives, it is suitl to Ik* Harm 
and hamayrn* mts. 

All the different ad equations collect t*d in Art. I are linear and homogeneous. 

«1» if a ratio of thr tif yrmit at rariithlr h*tn hrrn fntatl whirh s*t tin firs a 
ifirrn linrm\ ifijfrr* ntiai ry tint ion % thr pmthtrt form* *1 /#// m nltiphf 

iu*f fh is vttiur to/ nay rt>astart a*Hi ala** hr a rot nr of thr ttrprmirnt rariohtr 
trh irh wilt mtify thr ry u*t t ion. 
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RECTANGULAR PLATE. 
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We shall begin by getting a particular solution of [in], and we shall use 
a device which always succeeds when the equation is linear and hom.ogencjrm 
and has constant coefficients. 

Assume* u = e ay + ^, where at and /3 are constants, substitute in [in] and 
divide by e°- y + and we have a 2 + p 2 — 0. If, then, this condition is satis¬ 
fied u == + ^ is a solution. 

Hence u — e^ ±axi t is a solution of [hi], no matter what value may be 
given to a. 

This form is objectionable, since it involves an imaginary. We can, how¬ 
ever, readily improve it. 

Take u = e ay e 0 ™, a solution of [in], and u = e* y another solution 
of [in]; add these values of u and divide the sum by 2 and we have 
e ay cos ax. (v. Int Cal. Art. 35, [1].) Therefore by Art. 5 

u = e ay cos ax (5) 

is a solution of [in]. Take u — e°- y e 0 * 1 and u = e - ”** 1 ’, subtract the 

second value of u from the first and divide by 2i and we have e* v sin ax, 
(v. Int. Cal. Art. 35, [2]). Therefore by Art. 5 

u = e ay sin ax (f>) 

is a solution of [in]. 

Let us now see if out of these particular solutions we can build up a solu¬ 
tion which will satisfy the conditions (1), (2), (3), and (4). 

Consider u = e ay sin ax . ((>) 

It is zero when x = 0 for all values of a. It is zero when x — tt if a is a 
whole number. It is zero when y = oo if a is negative. If, then, we write 
u equal to a sum of terms of the form Ae~~ my sin wix, where m is a positive 
integer, we shall have a solution of [iii] which satisfies conditions (1), (2) 
and (3). Let this solution be 

u — sin x -f A 2 e~ 2y sin 2x + A d e~ Sy sin sin -)— « (7) 

A u A 2 , A 8 , A 4 , &c., being undetermined constants. 

When y = 0 (7) reduces to 

u = A 1 sin x + A 2 sin 2x -f A 8 sin 3x -f• A 4 sin 4x -f • * •. (8) 

If now it is possible to develop unity into a series of the form (8), our 
problem is solved; we have only to substitute the coefficients of that series for 
A a , A 2 , A 3 , &c. iu (7). 

* This assumption must be regarded as purely tentative. It must be tested by substi¬ 
tuting in the equation, and is justified if it le ads to a solution, 
t We shall regularly use the symbol t for v' — i. 
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As in the last problem let* //= and substitute in [vni]. Divide 
by + ^ and we have /? a = a 1 a 1 an the condition that our assumed value of 
// shall satisfy the equation. ^ ^ htmt ^ 

is, then, a solution of (vni) whatever the value of a. 

It is more convenient to have a trigonometric than an exponential form to 
deal with, and we eun readily obtain one by using an imaginary value for a in (T>). 
Replace a by al and (J>) becomes y = *«o«y a solution of [vni]. Eeplaee 

a by — at and (T>) becomes y zzz e" u '* w * ,a/ f another solution of [vni]. Add 
them* values of y and divide by 2 and we have eos a(x ± at). Subtract the 
second value of y from the first and divide by 2/ and we have sin a(x ± at). 


y s= eos a(x + tit) 
y = eos a(x — at) 
y = sin a(x -f- at) 
y = sin a(x — at) 

lire, then, solutions of [vin]. Writing//successively equal to half the sum 

of the first pair of values, half their difference, half the sum of the last 
pair of values, and half their difference, we get the very convenient particular 
solutions of [viii], 

y cos ax cos aat 
y rj,;;;: silt ax HUX aat 

y tzz sin ax cos aat 
y zz, cos ax sin aat. 

If we take the third form 


y zzz sin ax cos aat 

It will satisfy conditions (t) and (4), no matter what value may be given to 
ii, mid it mull satisfy (2) if a ™* where m is an integer. 

If then we take 


s *ffx rrat 
: J| StII y— eos y— 


.1, i 


2rrx 


a _ j, 


where A*, A*, A,, • • * are undetermined constants, we shall have a solution of 

[vii i] which satisfies (1), (2), and (4). When t z® 0 it reduces to 


f. Mltli 


wx 


cn 


If nom* it m |M»sstlde to develop f(x) into a series of the form (7), we can 
solve our problem completely. We have only to take the coeffleieiits of this 
series as values of A,. A*. A,. . * in <G). and we shall have a solution of 

fym] which satisfies all our given conditions. 


• Bt*e mile im pARt* 5. 
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roTKNTIAL RUE TO WIRE RING. 


Divide by r m and use tho notation of ordinary derivatives since P depends 
upon $ only, and we have tin 1 (‘({nation 

/ . '//\ 

+ ,, /* + Hin« l ,4 = 0 ' 0> 

from wiiieh t.o obtain I\ 

Kquation (R; ean be simplified by changing the independent; variable. Let 
,r ' * eos 0 and (R) becomes 

ifv (1 ' *'’4 4" m (w + 1 ) P ~~ 0. (4) 

Assume # now t hat /* can be expressed as a sum or as a series of terms 
involving whole powers of .r multiplied by constant eoetlleicnts. 

Let P — £ *t n .r u and substitute this value of P in ( t). We get 

S | // <// I )"„,/•« ,J — n { n | t R/ W ,r w f m (m •■}” 1 ) u n ,r w J r--r, 0 | (A) 

where tin* symbol 25 indicates that we an* to form all the terms we earn by 

taking successive whole numbers for //, 

As (5) must be true no matter what tin* value of j\ the coefficient of any 
given power of .*\ as for instance a 4 , must, vanish. Hence 

(/' 4“ -I (k 4* 1 t t( i i y *■*■* k {/*’ | 1 ) 'G W w {/// + l 1% = b (b) 

w (m 4“ 1 ) — k {k 4“ l I 

au< 111 r ^ “ { k 4 h \ k 4*4 4™ ft *' (~) 

If now any set of eoettleientH satisfying the relation (71 be taken* /*»« 
will 1 >e a solution of (4). 

If k . m, *t A f , 4 - 0 , ti i # 4 0 * &i\ 

Sima* it will answer our purpose if we pick out the simplest set of coefficients 
that will obey tin 4 condition (7 h we ean take u set including a m . 

Let us rewrite {7 j in tin 4 ft»rm 

(k 4 *P(k 4 It 

"* “ ,«/»-/,•(,/« )./.■ + n "*+*' ( H! 

W( 4 get from {Hi, beginning u it It k — m — 2, 

in {m I) 

"* - i) "** 

m f in "l)i in •— 21 f /// — R) 

“» » ~ y. 1.1 ‘2»i — i),y w » — ;ii ** 

### ( m 1 11 ##i "*» 21 ( m ~~ Rif #« — 4) (m — H) 

"*• •• .i “ » .j.i;, ( ... j,, _ ;$ a m' *« 


1 Her linlr i»n fume * 
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If m is even we see that the set will end with «r 0 , if m in odd* wit it *t x , 
m (m — 1) 


‘ = «m |j»* 


;;/(/// — I )(///— 1*) | m — 'A » 
2.(2m - 1) ^ 2.4.(2w - I ! t 2m - .'!i 


where a m is entirely arbitrary, is, then, a solution of pip It is fnun.f 
venient to take a m equal to 

(2/m - 1) (2m — ll) • * * 1 


and it can be shown that with this value of tt m /* - I when ./• ^ I, 
P is a function of x and contains no higher pow ers of ,r than i 
usual to write it as P m (x). 

We proceed to compute a few valium of P m (x) from the formnl.t 


If |;l 


■Pm (*) ; 


(2m—1 ) (2)ii —'A) • ■ ■ 1 


in ! 


[• 


m { w J » 

•«* — 

2.i2m - I t •' 


We have: 

F 0 (x) = 1 


1 — ~) (>H 

lj(2m- 

- ;s) 

„ „ ,.vM - 4 , 

• ;i) 

*w 

* 

or 

tUvm ti) - 

-1 


a 

I\{vm t)\ 

eon# 


u 

I\(vim (ii 

S <U Cl 

11 

a 

!\aeos (h ■ 

■ | to e»r* 3 ^ 


('*' 


i In. 


P t (x) = x 
Pi(x) = i(,‘te 3 —1) 

P,(a!) = j(fu!» —.< i.r) 

p 4 (x) = i (25e - .'{Or 2 + ••$) or 

/\(t't>s &) ' e , 4‘> i'iik* 0 "™ .'ill i-it j ;!i 

A(») = * (<Ktr* - 70.r» + 1;V) ur ! 

= *((KI «•.»»»# - To <•.«.«» } f 

We have obtained 7'=/^) as a particular .olntem 4 . f ,|, „ i5i 

P — P m (eo& 6) as a particular solution of f.lj, i’ m \x i or /* , r(ri r< 
new function, known as a Lvyvnihvn (ur an a ,• // 

and occurs as a normal form in many im|*oiiant ,,r.,M,. lu „ 

V = ^ m P TO (cos 0) is a particular solution of Hint r**p in 

times called a Solid %omtl 11ut*tno h lt\ 

We can now proceed to the solution c,f our original ... 

V=J 0 r°F 0 ((iOS 0) + .4 i r/\(e(,H0)+ th | .I,,-'/-,,,,,, , ,, 

WW t°’ aViiV m '' <,ntir<,ly ari,itmr . v > >* » »••!'■*•...« *■! i 2' i . V ■: 
When 6 = 0 (11) reduces to v 1 ‘ ' 

V = J„ + -Ur -j-. l-jr l )- .1 3 r* }> • • ■, 
since, as we have said, F„. tr) = \ whim r — l /• 

r...... mK J 1 x *" •' ,,r /«(■•"» tl I - I » w 

.1/ 


By our condition (1) 
when $ = 0. 


r= 
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By the Binomial Theorem 


_ M _ 

(c r +"?y 

provided r < r. Hence 


m r i - 1 1 + y* l 4 __ y- r >... .1 

7 L 2r* + 2.4«* 2.4,<>? + J 


I , 1 r 4 

1.3.5 r* 

*> ( , % i e 4> ^ ^4 

2.4.(J r® 

1.3 r* 

1.3.5 r fi 

0) 

~o.4d> ? 


in our required solution if r < c; for it in a solution of equation (2) and satis¬ 
fies condition (1). 

Example. 


Taking the mass of the ring us one pound and the* radius of the ring as one 
foot, compute* to two decimal places the value of the potential function due to 
the* ring at the points 


(,/) (/•= 

, / 

.2, 0 

» <>); 

7T\ 

(>/) (/• 

/ 

(/.) p = 

v / 

= .2, 0 

7T\ 

('') ('• 

,,.) O ■ 

.2, 0 

; 



= .0,0 = 0); (/) p = .O,0 = !J); 

= .0, 0 -- ^; (if) p = .<>, 0*=0; 

Jus. (it) .OK; ((>) .00; (r) 1.01; (//) .K(i; 

I' 1 ) .00; (/) 1.00; (//) 1.10. 


Tin* unit used is tin* potential tint* to a pound of muss concentrated at a point 
and attracting a second pound of mass concentrated at a point, the two points 
being a foot apart. 


10. A slightly different problem calling for development in terms of Zonal 

Harmonies is the following: 

Required the permanent temperatures within a solid sphere of radius 1, 

one half of the surface being kept at the eonstaut temperature zero, and the 
other half at the constant temperature unity. 

Let ns fake tin* diameter perpendieulnr to the plane separating the unequally 
heated surfaces as our axis and let us use spherical coordinates. As in the 
lust problem, we must solve the equation 

/•/>*(/•«> + ^ P^HtnO -f- - J>fu 0 [xui] Art. I 

which as Indore reduces to 

r 1K\™) + h jy^ I> 9 {mn0J> 9 u) — 0 ( 1 ) 

from the consideration that the iei it pe rut tires must 1 m* inde|>endent of <£, 

Our equation of condition is 

i# =s 1 from & ~ 0 to 0 : ’ Z and u tv 0 front 0 ^ to 0 -- w , (2) 

when r ssc 1, 
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As we have seen u = r m P m ( cos $) is a particular solution of (!), m liming 
any positive whole number, and 

M==iV°Po(COS0)+^^l(C°S^ ih 

where A 0 , A lf J 2 > A • • • are undetermined constants, is a anliit mu «»t ill. 

When r = 1 (3) reduces to 

U = A O P O (COS0) +AiJ\(d OH 6) + A u /^(rtMfi) + |- • , 11 

If then we can develop our function of 0 which enters mil* **>putn»n il f i m 
a series of the form (4), wo have only to take the roetliemnt •. **i tt*al ho j,-., 
as the values of A 0 , A u A Ut &e., in (3) and we shall have our tvqunvd '..dutiMii 

11. As a last example we shall take* the problem off he \ thru! u*n ot a m trt.-br.l 
circular membrane fastened at the eirenmferenee, that is, ot an mdni.tm *U nm 
head. We shall suppose the membrane initially distorted into ain gn* n bom 
which has circular symmetry* about an axis through the entire pm pmeln ul.tr 
to the plane of the boundary, and then allowed to \ ibrate. 

Here we have to solve 

A 3 * = C(/>** + l 4- ] a I Mj Am 1 

subject to the conditions 

s ==/(/•) when /:-() if, 

J) t z = 0 o / o 

£ = 0 H r ti , . !, 


From the symmetry of the supposed initial distortion m must Im iinlepmul 
ent of <£, therefore [xx] reduces to 

•A 2 ** ^ r * s ^ A 2 * A r A pi 1 

and this is the equation lor which we wish to find a particular noltt!ti»n, 

We shall employ a device not unlike that used in Art, U, 

Assume f * = IIT where It is a funetion of r uhmo and T in n tmu'inm «§f 
t alone. Substitute this value of x in (4) and we got 

Jt£>?T-,*r(/Wt+ l r />,«) 


or 


l <i*r i a/*// i ,/i t \ 
If Tim “/ t *W +r ,!»)' 




The second member of (5) does not involve t, therefore iu wnul the in n 

member must be independent of t. The first memUr uf ( fl> 4 J, not 

value is not affected by rotating the point through any angle utmiu u ir rli , % . srf . 

.. 
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r, and consequently since it contains neither t nor r, it must l>e constant. Let 
it equal — fx\ where \i of course in an undetermined constant. 

Then (5) breaks up into tin*, two differential equations 

<PT 

~/fi +^ a 7’ = 0 (G) 

<Plt , 1 tilt , ,, 

HX + r w - + ^ = o. (7 ) 

(b) cun be solved by familiar methods, and we- get 7 T =» cos fxrt and T» sin fxH 
am simple purtieulnr solutions (v. hit. <’nl. |>. RIO, § LM). 

To solve (7) in not ho easy, We shad! first simplify it by a change of irnle- 


pendeiit variable. Lot 


s ‘ . (7) b(*eomeH 

tl*H t 1 til { 

"/> +.r 


Assume, m in Art. 9, that // eun be expressed in terms of whole powers of 
x. Let H » 5 *t H x H and substitute in (K). We get 

[//(a — t hq r r" a -f* utt H x n u -f' o w .r w j ^0, 

an equation whieh muni be true no matter what tlit* value of x. Tim eocttb 
eient of any given power of j\ uh x l must, then, vanish, and 

ic(k — t K f ht k f #0 y *» 0 

or k' i a i d rq y 0 

wlienee we obtain #q y ■■■ — /rbq {<>) 

as tin* only relation that need be satisfied by the coetlleicitfs in order that 
H % <t k a 1 shall In* a solution of |H|. 


k 0, <* k 


0. Ae. 


We ran then t*egin math k -- 0 us our lowest subscript. 

#q 

1* mm 01) rq 3 -’ - ‘ ,* 


"ft o' 


lienee 


2* + w + 


where r#„ may In? taken at pleasure, k a solution oi (H;, provided the series is 
convergent. 
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Take a 0 = 1, and then B = J 0 (x) whore 

x 2 x * X H 

Ji(*) = l — 2« + “ oTprj-u + U°> 

is a solution of (8). 

J 0 (x) is easily shown to be convergent for all values real or imaginary .r, 
since the series made up of the moduli of the terms of ■/„(./•) <\, lut. r.tl. 
Art. 30) 

r x t A ri 

1 "f* Tjjft “h VJiTJa * ila^ja * * f 


where r is the modulus of a*, is convergent for all values of r. I* nr the ratio 

of the n + 1 st term of this series to the* n th term is , and a|*|«i*ni**ln-4 

4 n * 

zero as its limit as n is indefinitely increased, no matter w fmt the \ nine <•! r, 
Therefore Jo (x) is absolutely cuneenjcnt* 

J 0 (x) is a new and important form. It is railed a Ih-sstTs Fun* ti**n <»f t he 
zero th order, or a Cylindrical Harmonic . 

Equation (8) was obtained from (7) by the substitution of j- r- tlnirtui^ 


R = Jo (fir) 


(firf (/*; )* ifirf 


is a solution of (7), no matter what the value' of ^ and * J ut ^n p<-t 
or z = Jo (fir) sin fict is a solution of (4). 

« = Jo (fir) cos fxet satisfies condition (2) whatever the \ahie «d /*. in 
order that it should also satisfy condition (11) fi must be so taken that 

'4 O') ~ <>; till 


that is, fi must be a root of (11) regarded m an equation in yt. 

It can be shown that J {) (x) = 0 has an infinite muuUw of rm»J j^dine 
roots, any one of which can be obtained to any required decree «<f uji|»r*»\inM* 
tion without serious difficulty. Let aq, *r 3 , aq* * * * l*e them* root*. Thm it 


^ •'*9 Fn 

It ~~ fa J "a a “‘ z fa > &' r, » 


z — A-lJq (/x x r) cos /t, ft -f* A 3 J 0 (/t, r) cos /x 3 r( + , l„J„ (ya, r i ei .,i p , .7 | , !” t 

where A 1} A 2 , A t , &c,., are any constants, is a solution of j f t whirii sun-.j!. -* 
conditions (2) and (3). 

When t = 0 (12) reduces to 


*—• < 4 l <7 0 (/* 1 r) +«4j.7 u O,r) "f -f* ■ * *. 

If then f(r) can be expressed as a series of the form jimt given, flu* «>>tt 

of our problem can be obtained by substituting the coefficient# of that 

for A u J 2) A t , &e., in (12). 
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Example. 

The temperature of a long cylinder in at first unity throughout. Tho convex 
surface in then kept at the constant temperature zero. Show that the tem¬ 
perature of any point in the cylinder at the expiration of the time t is 

it ,=s Axt'-"**?* + A^r- f/ 0 (/x 3 r) + >U<" r) -f * • • 

where /i u /%» &e., an* the roofs of *f n (fxr) = 0, and where 

1 r= A X J 0 (far) Ar A.yl 0 (far) + A n J (i (fi H r) + * * *, 
e being the radius of tin 1 cylinder. 

12. Each of the five problems which we have taken up forces upon ns the 
consideration of the development of a given funetion in terms of some normal 
form, and in two of them the normal form suggested is an unfamiliar funetion. 
It is clear, then, that a complete treatment of our subject will ret pure the inves¬ 
tigation of the properties ami relations of certain new and important functions, 
as well m the consideration of methods of developing in terms of them. 

1,1. In each of the problems just taken up we have to deal with a homo¬ 
geneous linear partial differential etptation involving two independent vari¬ 
ables, and we art' content if we can obtain particular solutions. In each ease 
the assumption made in tho just problem, that there exists a solution of the 
equation in which the dependent variable is the product of two factors each of 
which involves hut out' of tin* independent variables, will reduce the question 
to solving two ordinary differential equations which can be treated separately. 

If these equations are familiar ones their solutions can be written down at 
once; if unfamiliar, the device used in problems 1 and 5 is often serviceable, 
namely, that of assuming that the dependent variable can be expressed us a 
sum or series of terms involving whole powers of the independent variable, 
and then determining tin 1 coefficients. 

Let us consider again the equations used in the first, second and third 
problems. 

in) !>‘/u -f J>ln ^ 0 (l) 

Assume n * ? .V, V where X involves x but not y, and V involves i/ but not x. 
Substitute m (I), V/>,*X + *V l*£ V - « 0, 

or, since wu urn now dealing w ith functions of a single variable, 

I *PX 1 iPY 

x tix' s * v titf 838 ^ 1 

i *py i t px 

or y " v {U , . (2) 
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Since by the reasoning used in (e) and (/>) each member of (2) must be a con¬ 
stant, say a\ wo have 

tPlrli) 

r -,/r* “ * 7< 0 


/ . c/C*)\ 

'( SUl6 \/4 


sin $ <10 


4“ a a (*) = 0. 


(2) can bo expanded into 


cW r//»* 

' ^+ 2 0/r 


(o) cam bo solvent (v. Int, ('ah p. *121, § 2.1)* and has for its complete solution 

ft — Ar m + //r w * 


where m — A 4' V rt' J 4’ i and a = —- | — \/ «'** 4 * 4 . 

lienee // w— w — 1, and a 1 may be written 4** 1)? m being wholly 

arbitrary; and 

A -- J/* w + /*r w 1 • 

1 

h'—-r m * and A*— ; , wW 

art** them* particular solutions of 

f/ 4 // r/W 

t" + i)M — 0. (6) 

With tin' ni'W valui' nf a' 1 (I) Iti'rimnss 

, 1 / W\ 

h.,i« ,/« + + n**-o. ( 7) 

which lias been treated in Art, D for tIn* ease where* m is a jHisitive integer, 
and the particular solution w ^ f\ n tens#! has been obtained. 

lienee F - : 

1 

and I r „, 1 1 /^trustf) > 

m being a jpositive integer* are particular solutions of (IV The first of these 
was obtained in Art. \K but the second is new and exreedtngly important. 


14. The method of obtaining a particular solution of an ordinary linear 
differential equation, \\Inch we lm\»* used in Articles P and 11. is of very 
extensi\e applieation, and often leads to tin* general solution oi the equation 
in question. 
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As a very simple example, let us take the equation Art 1.1 (it) ( I q \vlu»*}j 


we shall write 


(Pz 

d'£ x 


+ a s ; 


ill 


Assume that there is a solution which can he ex preset! in tonus of |.ou« t 
of x; that is, let 3 = 2 a n x n , where the eorflirmntH an* to U» «h !*u tumiMi 
Substitute this value for z in (1) and wo get 

5 [w(?i — l) ft n* rfl ^ *4" TeS M * 

Since this equation must be true from its form* without rHonmo in 1 1 4 #» valu*< 
of x, that is, since it must be an identical equation, the rorflliurttl of rtP q 
power of x must equal zero, and we have 

(n + l)(>i + 2)u w , y f a^i n « 0 $ 

n ^2 it »f 


is the only relation that need hold lietvmi tlu< in , t |, lt 

« = 2 a n x n should he a solution of (1). 

H *+? = 0 0r * + 1-0, will 1 h. mound u . 

zero. In the first case the series will be K in with j„ t | l( . „ !lh , (j 

If we begin with a Q we have 


‘ 21 a °> 


r * % » He,, . 


and 


or 


-*(»--if+ 


: cob ax 


is a particular solution of (1), 
If we begin with a x we have 


% =. ■ 


‘31% 


a* 


Bl a 1 ’ 


- ft «i» fta, 

/ a a *r s * 

““(—-r + Tf- 


Ol 


and 
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is a solution of (1); <t x can ho taken at pleasure. Let a x = a, (4) becomes 


A’ 8 

lit 


a‘7 fl a l, r 

+ r>! 


a‘7' 

7'f 


+ 


or 2 = sin ax 

which, then, is a particular solution of (1). 

x = A sin ax 4" H cos ax 


(«) 


is, then, a solution of (1), and since it contains two arbitrary constants it is 
the general solution. 

Ili» As another example we will take the equation 


ifh: 


( j x i +• (/| . — »i(r» + 1 )* = « , (1) 

which is in effect equation ((>), Art. VI (e), and let m he a positive integer. 

Assume x « S a H x* and substitute in (1). We get 

X [«(« 4 I) — 4* 1)J a n x n =s 0 . 

This is an identical equation, therefore 

[a(« + 1) — #//(/// + l)]u w a 0 . 

Hence a n » 0 for all values of n except those which make 

n(n + l) — M(m -j- I) 0, 

that is, for all values of n except n - m and n — m — 1, 

x > * As m 4- fix™**- 1 
is the general solution of (I) and 

x — x m and x 


th 


Then 


(?) 


I 


..»! ♦ i 


are particular solutions. If m is not a positive integer tins method will not 
lead to a result, and we are driven hack to that employed in Art. Ill (c)> 


III lad us now take the equation 

d 
dx 


[~(1 — •>') it J\ + + 1 is 


m 


whieh is in effect equation 0|, Art. U, ami Is kuowu as hmjmulni* Equation, 

(!) may lit! written 

<* ” '*> ds* - ~ r dl + m ( m +, )s«0- 


(2) 
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It m is a positive even whole number, p m (z) will terminate with the term 
containing af®, and is easily stum to be identical with 

- 2 -[‘'G' +1 )T 

W 1 ) 3 -- J *» (*)• O Art. 9 (9)3 

For all other values of w % p m (z) is a stoats. 

The ratio of the (// + l)st boon of p m (,/*) to the nth, when m is not a posi¬ 
tive even integer, is 

(2ti — 2 —* w) (Lb) — 1 + w) ^ 

i-'«-1) (-*«) ~ a ‘- 

Its limiting value, an n is increased, is .r 1 , and the series is therefore con¬ 
vergent if — 1 < ,r < 1. it, is divergent for all other values of ir. 

If in is a positive odd whole number y,„(/) will terminate with the term 
containing sr*, and is easily seen t,o he identical with 


m ™ 

(~ 1 ) * 



V (m -f- 1) 




For all other values of ///, t/ m (,r) in a series, and can be shown to bti oon- 
vergent if — 1 < ,r < 1 , and divergent for all other values of z. 


:: » Ap m (j-) + (ft) 

is the general solution of Legendre’s hhpmtion if — 1 < m < 1, no matter 
what the value of m, From Art. Li (e) it follows that 



no matter what the value of m t provided eon 0 in neither one nor minus one. 

In the work we filial 1 have to do with Laplaee’s and Legendre m Equations, 
it w generally fmssible In restrict ### to being a fugitive integer, and hereafter 
we shall usually confine our attention to that ease. 
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"With this understanding let us return to (•!), which may !«• rewritten 


“n + a 


(m — n)( in + >* }• 1 > 
(n + 1) (n 2 ) 


If 

but 


«# + * = <>. ttM‘» "« *« A *’-; 


u n •+• si ' 


: 0 if w •= m, or n 


If in (3) we begin with n = m — 2* wo get tin* «d -i nlnuily 

obtained in Art. 9, and we have 2 = /»(•**). whon* 


w! 


III! If? ■—* 1 | 

iv- ; «* - 


m(m — 1) (w — 1 2) (//< — *1) ^ ^ 4 

+ ~274^2^-1) (2»I™3jr ^ 

m(w — 1) (w~~ 2) (w — 3 )|m — I’l \ m ■ * 3) 
’“~274.7).(2 in — 1 ) (2 m - 3) f2 w - 3 1 * 

as a particular solution of Logondron Kqtmtem, 

If, however, we begin with n = — m ~ 3, we 

_ ( m + 1 ) 0 " + 
a _ m _ 8 — 2(2 n~+ U) 


■]. m 


- Q+ 1 ) (>" + + 3) (m + •»> 

a_ M _ 4 - «j.4.(2»»-H .’l)(2m + .'•» 


V I 




«-*-i iaay be taken at pleasure, and in usually taken 
and * = Q ffl (a:) where 


w! 


*^~(2w+l)(2w- 1) 




* i m *f» fijf’in -{* I*) 

'1m f 71 

■' « t. Aft 

luhtii m * * 

1.3 it • • 

■ f l)' 

I wi K b In «? '• 2 ? 

1 

‘ ”2q2#ii + ;ii 


Vf + • ” 1 

(11) 


, ( m + l ) (w + 2) (w 4- a) (in + 4| 1 

^ ~Ti7(2n 4'il) (2m f.f > . H- | 

is a second particular solution of Legendre's K<|tmtioii, provided the 
convergent. Q m (x) is called a Sttr/am Zonal Harmmlc «f the AiW. 
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It is easily seen to be convergent if x < — 1 or x > 1, and divergent if 

— 1 < jr < 1. 

Hence if m is a positive integer, 

I‘ m (x) +BQ m (x) (10) 


is the general solution of Legendre’s Equation if r < — t or x > 1. 
We have seen that for — 1 < x < l 


- (- 


if m is an even integer, and 


V(m + 1) 




g i'»W 


. ", 1 r (m + 1) 

* ( ' r) } z ,j“' r + ] yj q,n ( ‘ r) 

if m is an odd integer. 

If now we define (x) as follows when — 1 < x < I 


Qm(S) i ™ U 
if m is an odd integer, and 


Err j 1 )' 

r {m 4* l> 


Pm (•*■) 


- (- . r<jW + 


y«(yj 


(ii) 


( 12 ) 


(i*i) 


( 14 ) 


if m is an oven integer, then (Kb will be the general solution of Legendre's 
Equation if m is a positive integer when — 1 < j* < L as well us when x — I 
or x > 1, 


17, Let iw last consider the rqnafion 


<!*x I <ix 
d? x dx 




0 


( 1 ) 


whieh is known its Bessel's Equation* and which reduces to (8) Art 11, 

that is, to 


#/** 1 th 

dx * + x dx + S 


0 


when m 0; * (1) earn be simplified by n change of the dependent variable, 

• Tills ts|iiiii|t»si win ftrui hi I In I l>y Fourier in nm*l(U*ritig the cooling of a cy Untie r. Wt 
Hindi tlwlgmi# It an ** Fourier'* KqUiiUon,** 



24 
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f A ii i. 17. 


Let £ = x m v and we get 


dx 1 


4 


2 m 4 * 1 <h f 


iU 


. + fi = 0 


to determine v. 

Assume v = 2 a n x n , and substitute in (2). WV get 


whence 


5 [w(2 m -f .' a 4 /V r ”J — 0; 


If we begin with % = 0, then — 0, 
set of values 


____ <h 

2 (2 m 4 2 ) 


2'\m 4 l ) 


0 » &<\, mill we huve the 


4 2.4(2///. 4 2j(2/// 4 44’“ 2*' 2!*,w‘ }« 1 t< w I >' 21 


2.4.6(2m 4 2 )(2///. 4 4)(2/// 4 (>j ~ * 2^*111 m 4 * I n m 4 2 h #« 4 11) * 


r— 

whence * = a 0 a: m 1 — 4 .. 


JS(//i 4 1 )(w 4* 2) 


2 6 .;i!(///. 4 D(w 4 2i(in 4- ;n ^ * ’ * I C* 1 ) 

is a solution of Bosscd’s Equation. is usually taken ns ,, * , if m i» a 

t ‘ rn m * 

ltm integer, or as 2 >» r ^T^jTf j if ‘ H univ * tlir, '' 1 l in v.du.% and *J..- 

member of (3) is represented by ,l m{ x) and is rail,.,! a t |, r , 

mth order, or a Cylindrical Harmonic of the wth order, 

If m = 0, J m (x) becomes J„(.r) and is the value of * obtained m Ail It 
as the solution of equation (H) of that, article. 

If in equation (1) we substitute r m r in place of x"c for *, we get w 1 ,!.,<■« 
of (2) the equation 

<Pi< , 1 - 2m ,b 

~ a + ™_ — (/j . + 1 - x» 0 

and in place of (3) 

*=«„*-» [1 - 5 ^™ + „r, 
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If <t 0 in taken equal to 


1 


the second member of (4) is the name 


2 - m V( \ —///) 

function of — m. and x that <J m (x) is of + w and x and may bo written 


Therefore - — dr/ w (.r) + P'I_ m (x) (5) 


in the general solution of (1) unless J m (x) and should prove not to be 

independent. 

It in easily seen that when m = 0, f/. m (x) and J m (x) become identical 
and (5) reduces to 

* - (•* + /0</o(>r) 


and eontaiuH but a single arbitrary constant and in not the general solution of 
Fourier's Equation (HI Art. (111. 

It can be shown that •/ m {x) 1 ) m *f m (s) whenever m in an integer, 

and consequently that the solution (f>) in general only when m if real in frau- 
tional or incommensurable. 

The general solution for tin* important ease where m = 0 is, however, easily 
obtained. lad P(M,x) be tin* vulne which the second member of (3) assumes 
when <t u I ; then the value which the second member of (4) assumes 

when tt u r- t will he / # V /w,a*h and it has been sliown that z = F(m % x) and 

x aa />*(—- m , x) are solutions of Bessel's Equation; z = F{tn^x) — /a,x) 

is, then, a solution, as is also 

F(m*x) « > /* V ' w , x) 


but the limiting value which / ^I'* 1 ** ^ ^ approaches as m approaches 


scero is { !> m and consequently 

* | 

is a solution of the equation 

tPx % I tlx t 

1 .»• i/.r + ■'*' ” ° ’ 

and th« gi'iifml mihitiun <it (8> in 

X («.*»v ™ x-[i - ...J'j ,, + ■+IK*T9> 

,r fi 

-"..’i !*in j i 'ti» f i’ti« -f ;i) ^ 




(7) 

(K) 





26 


INTRODUCTION. 


[Aur. 17. 


D m F(m,x) = *”» log *[l- 2 i (/ ,*qri) + 1) { «r+2 

^ Th iT * I * r ** I *1 

+ x m n m |^i — + 2 ^\ , ( i / 7+1 )(/«-f"in + * *' J ■ 


The general term of the last parenthesis ean be written 

(— i)* _____. jL_ , 

v '£ lk . k\{jn. -f 1)(/// + 2) • • * {ffi + k) 
and its partial derivative with-respect to m> is 


(— l)* _i_ i) ___._ . 

V ' 2 s *. /c! _j_ l ){m + 


(w -f' k) 


l0g (m +1) (m + 2) ... («i + k)~ £ 1( ’ K ( + 11 + 1<.g ( m -|-2 > + • ■ • 

+ log (m + /ilj . 

Take the D m of both members and we have 
Bm (m + 1 ) (to + 2 ) • • • (m + /•) 

__ L __ r_J , i ,_ ! i 

(m + l)(m +2) • • • (w, + k) [_ w -f t "l” m ■+• 2 -|, I J ' 


r i _*_l_ * 

+ ..."| = y -_J_ 

. J 2 * (;*+ i)' J : 


(w -f- l)(w +2 


!!^/«-j li(i« f 


• • j * (?« + (, w -I "1 4 . s ; L,« j 1 * 1-2 J 

+ _*L_L ..r 1 4 . 1 1 1 

2 6 .3! (wt+ l)(w + 2)(/w + :ij Lw< -f 1 f m 4-2 "£‘ in f ;i V ' ' 
and wo have 1 

{D m F(m, *)]„_, = J 0 (*) log a- + ^,",,,(1 +1 ! ') 

_£ /II , I t !\ 

2“(4!j a Vl + 2 + 3 + .(/ ■+-* 

an(i *—A ./„ (x) + ItK u (.r) , 

*♦» -*#*. + (i +3 +4;, ([ +1 j- ’) 

_ X 1 0 1 1 , 1 . i\ 

2 s ( 4 !) a Vi + 2 + :i + 4/ + *' ■ (10) 

is the general solution of Fourier’s Equation (K). 

K,(x) is known as a Bessel's Function of the Second Kind. 
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18. It is worth while to confirm the* results of the last few articles by 
getting the general solutions of the equations in question by a different and 
familiar method. 

The general solution of any ordinary linear differential equation of the 
second order can be obtained when a particular solution of the equation has 
been found [v. Ini. Cal. p. a21* § 24 (<0*]. 

The most general form of a homogeneous ordinary linear differential equa¬ 
tion of the seeoud order is 

d' k if du 

,i> + r ,is+ «!>=* 0 0 ) 


where P and C ure functions of x. Suppose that 

ij -7 r 

is a particular solution of (11. Substitute i/ --s rz in (1) and we get 

tPx . / _ tit* . .. \ dz 


Call 


dx 


C. Then Ch heroines 

dd f d i 

I.. /«» 


( tit* \ ttz 

•comes 

■' i -I 


(*) 


a differential equation of the first order in which the variables can be sepa¬ 
rated. Multiply by dx and divide by eC and (4) reduces to 


Integrate mat we have 


dP tie 

f 2 + Pdx «s 0 


log C } log i* J *4* ( /*'/x saa (' 
* * 


or 

*V a C 

-.-i n, ./>■**, 


dl 

• f '\h 

• * ’ 


« “t> A 

/V fw* 

\ /;J vi • </.r ; 

arid 

>/ e ^ i 

ft** \ 


( 6 ) 


in the general noliition of t J n the only iirbitrury cniihtmitH in the mamd mem¬ 
ber of (Til lunng flume e^cplant 1 v wntten* namely, A nitd It 
(a) Apply this formula to il i A if. 11» 

*P% 
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i A nr. IN. 


given: z = coaax, as a particular solution. Substituting in {<>) wo haw 

sinceP:=0 / , . f \ 

= cos ax ^.1 + a tan a.rj 

= ,1 cos ax + /-'i sin ax , (-) 

as the general solution of (1), and this agrees peideetly with (a) Art. 14. 

(II) Take equation (1) Art. 15. 


</:\z 


3? ~ 4- ‘Jx — m(t». + 1 = tl ; 


<0 


given: % — x m , as a particular solution. ^ ^ 

Here P = ~ , J" P(/.r. = 11 log .r == log P 1 , and >• ' *» _,,o Heiieo by (.0 

* = =* (•< + _ o„, _ l >» 1 1) f 


/* j 

that is •• = * Lr ”’ + ,,.#«. i 

is the general solution of (1), and agrees with (2) Art, 15. 

(c) Take Legendre’s Equation, (2) Art, 10, 

<h- 

(1 — art a ) i/yi — 2.r ^ -f -}- I«- 0 ; 

given: z = JP m (x) , as a parfcieular solution. 

•2x 


(-> 


(J) 


Here P = > J' — l°g (1 A') ■ «»<l >'' 1 


1 




i — .e' 

Hence by (5) . s = J‘ m (x ) (■! + A’J />m( p) 

is the general solution of (1) and must agree with (10) Art. 10, if m m at* 
integer, and therefore 

Qm (*) = (■ /> m (/) j ( 1 —, | / , f ’' ‘' 

where C is as yet undetermined, and no eonstaut term m to lie »*1 with 

the integral in the second member. 

(d) Take BesseFs Equation, (1) Art. IT. 

dk , 1 tk , / /i/K 

1? + * dx +( 1 “ rV •• “ 0 5 

given: z = J m (x) , as a particular solution. 



Cua.1*. I.] OKNKIIAIj solution. 

Hero /* = j.. f /*'/.!• = 1(>K x . and r~f>^ — * 

in the general .solution of Hesters Kquation. 

If = 0 (2) heroines 

= '■■■' (■■ -I-r^j.) 

and must agree with i*.h AH. 17. Therefore 


Hence by ( 5 ) 


Ao(x) — C./„(x)J*^,/^jC 

where (* is at present undetermined, and no constant term is to be taken 
with the integral. 

The first considerable subject suggested by tin* problems which we have 
taken up in this iutn»duetory ehapter is that of development m Trigonometric 
Beriea {\\ Arte. 7 anil H), 




CHAPTER TT. 

DEVELOPMENT IN TRIGONOMETRIC HER TEH. 

19. We have seen in Chapter I. that it is sometimes important to bo able 
to express a given function of a variable .r, in terms of the sines or of the 
cosines of multiples of x. The problem in its general formVas first solved 
by Fourier in his “Analytic Theory of Heat 11 (1822), and its solution plays a 
very important part in most branches of modern Physics. Series involving 
only sines and cosines of whole multiples of x % that is series of tin* form 
b 0 + b x cos x + b 2 cos 2x + * • • + a i «in *** + “a sin 2x ~f- * * • 
are generally known as Fourier’s series. 

Let us endeavor to develop a given function of x in terms of sin /, sin 2x f 
sin Zx, &c., in such a way that the function and the series shall be equal for 
all values of x between x = 0 and x = 7r. 

To fix our ideas let us suppose that we have a curve, 

//=/(•'•) , 

given, and that we wish to form the equation, 

y = <t x sin x + a, 2 sin 2x + <h win .V -f- - • 

of a curve which shall coincide with ho much of the given eurve as lies lie! ween 
the points corresponding to x = 0 and x = tt. 

It is clear that in the equation 

y = a x sin x ^ j) 

a x may be determined so that the eurve represented Khali pass through nuv 
given point. For if we substitute in (1) the eoerdinutes of the point in qurM, 
tionwe shall have an equation of the first degree in which in the only 
unknown quantity and which will therefore give m one and only one value 
for a x . 

In like manner the curve 

y = <i\ sin x + a % sin 2x 

may be made to pass through any two arbitrarily chosen {mints whom* abscissas 
lie between 0 and tr provided that the abseissas are not equal; and 

V x -j~ d 2 sin 2x *4“ sin »lx * 4 * * * • 4 * “#» sin ux 

may be made to pass through any n arbitrarily chosen points whose abscissas 
lie between 0 and -rr provided as before that their almeisww arc all difTcrcnt. 

If, then, the given function f(x) is of such a character that for cad, vnl uc of .r 
between x — 0 and x = tt it has one and only one value, and if Imtwecu 
x — 0 and x = tt it is finite and continuous, or if discontinuous has only 
finite discontinuities (v. Int. Cal. Art. 83, p. 78), the coefficients in 

y = % sin s + oj sin 2x + a, sin &r ■)-f- „ m sin nx 





I’UUUIMI N ARY STUDY US' A FINITE SUM. 


SI 


can ho determined so that the curve represented by ( 2 ) will pass through, any 
n arbitrarily chosen points of the curve 

//===/(.*•) (2) 
whose abscissas lie between 0 and tt and a,re all different, and these coefficients 
will have but. one set of values. 

For the sake of simplicity suppose that the n points are so chosen that their 
projections on the axis of .V art' equidistant. 

7T 

(till — | *== A.r ; then the coordinates of the n points will he [Ax,/(A.r)], 

[2Ax f /(2Ay)] # [dAjy/piA.r)], * * * [nAx,/(/*A.r)]. Substitute them in (2) and 
wo have 


/(A.r) - tt % sin A.r -J- a t sin 2A.r q- ti lt sin 2Ax ~p * * • ~p a H sin nXr 
f{2 Ax) * Oj sin 2A.r + ft a mn 4 A.r «p <t% sin f*A.r «p * • *+ a H mn 2//Ax 
/pf Ax) Uj sin 2 Ax *p f U me t»Ax + <t % sin PAx -p * * • 4 " ## # «in $nXr 
/(//Ax) » *ti sin it Ax + o :l sin 2«Ax *p *h sin U/tAx -p »* * -j- tt n sin //®Ax, 


\ 0 ) 


% equations of the first degree to determine the n coefficient** a Xi %, a a> * * * <t n * 
Hot only cun equations ill be solved in theory, but they can \m actually 
solved in any given ease by a very simple and ingenious method due to 
Lagrange. 

Let us take m an example the siniplti problem to determine the coefficients 
& l9 a at n g) n 4> ami *0 that 


ti % sin r -J- *t f MH 2 r* -p *t % sin Hr -p u* sin 4x 4* % MH Ux (H) 


shall pass through the five points of the line 

y ?. ■ ar 

w 2rr Hrr 4fr 4 % fiw *rr * , . 

which have the tkWmmnt » f . > ^ * UIU * ^ being Ax. 


We must lioW solve the equations 

T , 7 T . 2tt , ffcr . 4tt , Brr ' 

^ a® Ii| Wtl f , -p 0 , 1*111 f y "P »f| sill "qy -p *» 4 sin mu " 

Sir ifir 4 if t . fiir , Hw . I hr 

n % sin -p •*, mu f , + 0 | Pill f , T * 4**11 ^y + 

gr Hit <»r t . VJrr , lor ffij 

*»e t sin f , -p o 3 fiiii *P o s Pin (J + sin 

4ir 4ir , Hw f l-V , Her . 2<>ir 

iwtf| t4«t f , + 'I, •»*!! |; T e g sill ^ sill ^ + «i Sill f y" 

Hr , fiw , . l«Hf . . low* , . 2oir 

* «! mn + e.i urn ^ + « s mn + ti 4 mu + ♦% wn 
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[Art. JO, 


Multiply the first equation l>y 2 sin -g , tin 1 Ki'cmiil by 2 sun^ ( . , tin- third 
2sin-J ) tlxe fourth, by 2 sin V the iii'tU l>y - *>» :u " 1 On- 


equations. 

The coefficient of a, 2 is 


7 T . 2tt 2t r 4 tt , , . .‘for . <for , -Itt . Ktt 

2 siu^sm -- + 2 sin -jr,- sm (( - + - ( . sm (J S - ■ r> hl “ 

57r . 1 077 * 

+ 2 sin - sin ,.-j 


77* 27T 7T 8tt 

2 sin jv sm = cos ^ — cos ^ , ecu. 


Hence the coefficient of a 2 becomes 


77 * 27 T , 3?r 4 tT r>7T 

COS ^r + COS - ( . +C.OH 1 COS +OUH 


37T ()7T i>7T 1271 

— cos — cos — cos ’ — cos 


Um 

' Vi >S . * 

«» ] 


and this may be reduced by the aid of an important Tri^uimmH rio formula 
which we proceed to establish. 


20. Lemma. 


cos 0 + cos 20 + cos 3 6 + • * • + cos n6 


^ j sinclbi | 11, 


Tor let S = cos 0 -f- cos 26 4” cos 20 -f* • * * 4* cos ufl and mult i|d\ bv J n»>* tf . 

2S cos 0 = 2 cos 2 0 + 2 cos 0 cos 20 + 2 cos 0 cos 20 f* • • • j- J »•*** o van nO 

= 1 4 *“ cos 0 4“ cos 20 4~ * * ■ + cos (// — 1 > 0 

4“ cos 20 4" cos 20 4" cos \ 6 + ' * * 4' cos (u j | \0 

= 2S 4“ 1 4“ cos (ii 4-1)0 — cos 0 ” cos nti * I Iiuu’ii 

.C — ^ , C0H 11 @ COH (// + 1)0 

» — 2 + ~ “ 2(\ - cob 0f~ 

0 

1 1 sm (2// + 1 ) 4> 

or S = — • 4- —— 

2 2 0 o. k. ik 




Chap. II-] 


NlWUdtlOAC KXAMl'LH. 


33 


21. Applying (1) Art. 20 to (7) Art. 1.9 tlut coefficient oi a, reduooa to 

, 1 1 7T .‘i.'tTT 

B »1 ju 

~ ,r “ ‘,- !7 jr» 

-WII j., ~ SHI J., 

117T 7T .'i.'STT 3?p 

nt *|o- " l L .’ 12 ~ ;!7r — IV » 


therefor© 


sin ^7r — fiiu r — '1^ 


i-7 1 l rt 

S7T~“ =a 2~2“ 0 ' 


and % vimislii'H. 

In lib* itmttfitn* it ittiiv hr* whmvn that thn o«H*tH<*xc«utc» of a t$ and 

vanish. 

Tim aowlllmmtif. nl' m 

*J i4n J ^ }* 2 sin 1 “T 4" - 4 2 sin 3 *7*4" 2 ain #l **r 

u f* <» (> b 


| + 


1 4 - 1 


l!fr Itr i *77 Hit Mbr 

o*»s r* 1 * .. *• «’<*s — rtm , — (*«in —~ 

ii II i» r» 6 


. 1 I7T 

Htll 

» f* 


(- 4 ) 


The llrnt mewlier ut tlo* final in 

2ir . 7r . ,, I'v Vn .’!*■ .'itr Jw . Iir Ifw . Ihr 

T Hln a + J o ,,m ¥ f ' nm ¥ + - ¥ sm « + - « mu ¥ • Hmm 

l* Ilf . kw 7T 4 . , . 

*h \ ~ mu ~ y-i , tj 4 * v' # *i 3:;;1 - ni*|*r<»\ituati*lv. 

i* **"•# it ii it f * * * 

*-1 

If wt« tmiltijih tli.* tirat <*i Att. I'.t Iiv 2 *iu ", . flu* wpc.ihI by 

4w ilw ' " ** 

2 Hin "j/-1 tip* t tiii 4 b 2 '-'411 t , tin* I* mi lit by 2 1*111 tlm fifth 

” jOv ** * ^ 

by 2 sin # it«H4 Iin4 t<*«]tit?r am Im’I**? p iiv »♦} 1 i 1 11 liinl 


V 1 f.v , l£/*ir 
t* —* l» ij 


* - i 
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[Ain*. 22. 


and in like manner we get 

2 ^ to 

®8 — « 2 / ( 


2 -r-A IcTT . SJcTT 7r A _ 

(5^6 6 <> 

k=e l 


2 <r-\ /C7T . 4/C7T W*> 

= - > —- sm - * 7 .— = ■— .! r 

6 ^ 6 0 13 


* 0.3 




2 ^ Ictt . 5&7T 7r . m _ n f 

«.= s S-r s, "-F = .i cj— v->>- 

JfcsB l 


(> (> 

ksa l 

Therefore 

y = 2 sin x — 0.9 sin 2 .t *4” 0.5 sin 3./* 0,3 sin 4.** 4* 0 .1 sin ux (1) 


cuts the curve y — x at the live points whose* abscisnas art 


7T IV 2lT 

if 1 o’ 1 !;* 


47r _ 57r 

T’ and l" 

22. The equations (4) Art. 19 can be solved by exactly tin* same device*. 
To find any coefficient a m multiply the first equation by 2 sin wlr, tin* 
second by 2 sin 2 mAx, the third by 2 sin 3///A a <&e. and add. 

The coefficient of any other a as a k in the resulting equation will be 

2 sin kAx sin mAx + 2 sin 2JcAx sin 2mAx -f 2 sin 3/rA.r sin 2mA x -f- * • * 

-f- 2 sin nkAx sin nmAx 

= cos (m— k ) Ax +cos2 (m —* k) Ax +cos 3 ( m — 7r)A.r4“* 4 *4" <, t m n {m — k) Ax 
~COs(m+/c)Ax-~cos2(/M + A-)A.r — eon 2(m -f-k)As —- • — ecm //( m \»k) Ax 


. 2 n + l / 7N . 2 m 4 “ 1 . t 

sm —(»i — to)Ax sm —~ — (m 4" /»*}A.r 


2 sin . ^ _z J^ 

2 


0 . O 4* ^)A*r 

2 sm v 


hy (I) Art. 20 . 


2n 4 “ 1 


= n 4-1 — and (// 4 * 1 )Aj“ =c 7 t. 


Hence the coefficient of a h may be written 


sin £(m — k)ir- 


(m — k) Ax ’ 

2 ~ 


2 sin .(!!iZ_a^ 

2 


sin j^(w + k) 7r ■ 


(//< -4- 
* «> ’ 


. (« 4 - AiAx 
2 sm v 


11 11 

but this is equal to j~ 2 or ~ 2 + 2 according as m — k is odd or ov.-n 
and so is zero in either case. 
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imxflicicnt of tt m will lit* 
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2 nm* wAx ~f" 2 mi 1 -wA/ + 2 sin* llmAx 4* * * * + 2 sin 3 nmAx 


i f- i i- i + ••• + i 

mm 2 mXr — vtm 4 m Ax — ms llwA/ « * * * — eon 2 nmAx 


I mu( 2« -f HwXr a 4 

/* + «, — ™ . t»y (1) Art. 20. 

1 2 2 Kill wAx fc v 


(2ii 4 I im Ax ■■■•■■• 2in t ii + 1 1 Ax — hi Ax — 2«i7T — /« Ax, 

Min |2« 4 1 ini Ax win (2wi7r ~~ #« Ax) 1 

|.|| '«»«-»- ' ' — *• . Mr,; —« ■— t 

2 mil in Ax 2 miii hi Ax 2 


mxfllrixlit til ti m in n «■■} 1 . 

first mxmU'r i»t ottr final tnjtiitfimi wilt Imi 


i — *» 

2 h A A j » Hiti I #» Ax * 

Sm*i" 

i - 1 

i — ** 

» I 

*i | A 1 

I - 1 


(0 


cuirvn 

»/ «,x **| Mil* x | »♦, Min 2-r } • * • f- •*„ Hill «/, (2) 

Ato fMirflii’iriil u at*’ n 1 o * I i mil j>a>a. fhtou^h tin* ## points of flip 

*jf 

-/ s fir | h liMfii’ iirr Ax , 2Am OAx. • ■ ' «Ax, Ax UMttu . • 

if | I 

i«ill«t (tx m*Unl llial fiilirr flu 1 » r*pinti*«u# i I .< Alt 10 m v nit of fho first 

tlirrx mill **\r0 i*nl) uf %;ilnrs for fin 1 n ijnanltliot* *f p »i |f »i 3> 

tllilt riifl H.it l t r*|iU4l iMfifi, i’o|pii^|t4olitl| th«« solution W Ilk’ll Wt* 

if lllfixtl in tin' on!) M**liif imii 

Tlir rxmitt just otototifih Imlili ff««4 iiu iiiiittor lion" gfmnl it 

t » mill" ink«*ii 

ii' in* .n uuirtih'ji'l\ umu 4 >v%\ tlio tiio <2» Ait. 22 ami 

I Hill rotoo |ji- 4 jr| 4 ImI liMijri ?o 1 nil til* 1 II la«|r of 

lirfuiMfi it 4 ii 4 ^ r? , r^irx^jtioiilH fin* liisiitsu^ 

taf im|ii,4I|mSi <i 2 \it 2? la-M 4M « r* Polrfimtxll mrirXMoil mil 

til a i urio 1) * via. piiiui l-‘inrri4 llm of x m *|ii«^fioii 

‘ * \h*)> 
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DEVELOPMENT IN TIUGONOMimUl 


SKUIKS. 


Aut. 21, 


Irtrt tri» W™*"* » * “ i "' Wi " il " ly 

k^n 

-j- ^ /(A’A.r) sin Av//Ax (1 ) A ri. 22. 


M + : 

_ 2Ax 

7T 


A- ~ 1 
A- n 


^/(A'Ax) sin A*m Aj 


= ^[/^sinmAr.^+.^Arr)sin2,»A.r.A,4-• • '+/(«A^sin,mA,-.A.r J 
2 r/(Ax)sinmAx.Ax-f-/(2Ax) sin2 w Ax. Ax *4 ^ ] 

= —I v Ax|sin#«i7r Ax).Ax J 


since Ax = 


n *4" 1 

As n is increased indefinitely A* approaches zero as a limit. Hone f in- 
limiting value of a. n as n increases indefinitely is 
2 limit r/(Aaj) sinmAas.A» 4-/(2Ax) sin 2»Ar.A.r -)- 

“ Aa:=ol_ +/^7T —A.r) sin »nvr~~ Xri.Xr. 


ij f(x) sin ms.ils . [v, lot. (’al. Arts. NO, Nl.J 

> 

(-*> 


Hence /(*) = <h sin x + «„ sin 2.r + «, sin ,'U- H-, 

■where any coefficient a m is given hy the formula 

*> 


iS*> 


sin inx.its , 




is a true development of f(x) for all values of x between x 0 amt x it 
provided that the series (2) h coneenjntt, for it in in that eane only 11ml we ran 
assume that the limiting value of tin*, second member of ( 2 ) Art, 22 can be nb* 
tained by adding the limiting values of the several terms. 

When x = 0 and when x = tt (‘very term in the second member of \ 2) 
is zero, and the second member is zero and will not l»e equal toy/m unless j\ x) 
is itself zero when x = 0 and x rr ; tmt even when j\s \ is not /ero tor 
x = 0 and as = 7r the developnumt. given above holds good for aus value 
of x between zero and tt no matter how near if may Im taken to either ot these 
values. 


24. Instead of actually performing the elimination in equation* |4» Art. 
19 and getting a formula for a m in ternm of n % and then letting « itierea*t* 
indefinitely, we might have saved labor by the following method. 


* We shall use the sign == for approaches. Ax. 0 in mid Ax upproiielie* nx**. 
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Return to equations (4) Art, 19 and multiply the first by Ax sin mAx, 
the second by Ax sin 2/aAa% and ho on, that in multiply each equation by Ax 
times the coefficient of tt m in that equation, and then add the equations. 

We Ret as the coefficient of u k 

sin kAx sin mAx. Ax b sin 2kAx sin 2m Ax. Ax + * * * -j-sin nkAx sin nmAx. Ax. 

Let us find its limiting value as n is indefinitely increased. It maybe 
written, since (a + i 1 Ax i r, 

limit rsin /rAxsin mAx. Ax + sin 2A'Ax8in 2mAx. Ax + * * * "1 

Ax %£z0 L +nin k(jr — Ax) sin m(w — Ax). Air J 

w 

w j sin kx sin mx.dx ; 

« 

*r w 

but j *sin kx sin mx.tlx - ■ 1 J [cos (w — k)x — cos (/a + k)x\dx 

Ti « 

— 0 if m and k are not equal. 

The coeflicieiit of tt m is 

A.r(«in' J mAx *{" sin 4 2mAx + sin 9 timAx + * - • + sin 4 nmAx ). 

Its limiting value 


limit 
Ax 


^ sin 4 mAx.Ax sin 4 2>/i Ax.Ax + * * • + sin 4 m{ir — Ax)A^rJ 


7T 


j sin 4 mx.tlx sae ^. 

0 

The first member is 

/cAxtstn mAx.Ax L/i2Ax) sin 2mAx.Ax + * * • *\~J\nAx) sin nmAx.Ax 
and its limiting value in 

m 

I j\x) mn mx.tlx . 

*» 

Hence the limiting form approached by the final equation m n is incroatiod is 

/1 ,rI sm mx.tlx — ;; tt m . 


W lienee 


p 

I# 

2 

n m ' I j\ x) sin mx.tlx 

w J 


ns before 


This method is pruet lenllv I he same im mulllphjlu*j ihf tfimfkm 
f\x i #q hiii x f- Hiii 2s *f' o 3 sin llx + • * * 
htj mm mx.tlx ttml Imik mrmlwmfmm srm ta 7T. 


(i) 
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[Akt. '_'5, 


DEVELOPMENT IN TRIGONOMETRIC SERIES 

It is exceedingly important to realise that the short method of .mining 
any coefficient a m of the series (1) which has just been described m the itali¬ 
cized paragraph, is essentially the same as that oi obtaining </,„ by actual 
elimination from the equations (4) Ark It), and then supposing » to increase 
indefinitely, thus making the curves (3) Art. It) and (2) Art. HI absolutely 

coincide between the values of * which are taken as the limits ,.f the 

definite integration. 

25. We see, then, that any function oi x which is single-valued, Unite, and 
continuous between ^ = 0 iiiid a* = tt, or if discontinuous has.only Unite 
discontinuities each of which is preceded and succeeded by continuous por- 
tions, can probably be developed into a series oi the hum 

f(x) = a x sin x + <h sin 2x + a .\ + * * ’ (1) 

9 * o 1 

where «. m = - j a i n mx.dx = ^ j j\u) sin maJn ; ('-■) 

0 <» 

and the series and the function will be identical tor all values of x between 

a 5 = 0 and x = tt, not including the values and x tt unless 

the given function is equal to zero for those values. 

An elaborate investigation of the question of the convergence ot the series 
(1), for which we have not space, entirely confirms the result formulated 
above * and shows in addition that at a point of Unite discontinuity the series 
has a value equal to half the. sum of the two values which the fuuetion 
approaches as we approach the point in question from opposite jdde*. 

The investigation which wo have made in the preceding went hum v%i ahlishes 
the fact that the curve represented by // ^J\x) need not follow tin* name 
mathematical law throughout its length, hut may he made up of pojt imo* of 
entirely different curves. For example, a broken line or a locus minds! iug of 
finite parts of several different and disconnected straight hues ran bti 
represented perfectly well by y = a sine series, 

26. Let us obtain a few sine developments, 

(a) Let f( t r) = x . 

We have x = a x sin x + u a sin 2,r + sin *ir 4" 

where a m = ~ j*x sin mxMx 

« 

* Provided the function has not an infinite numlier of maxima and minima in if»r nriyti- 
borhood of a point, v. Arts. 37-38. 


0 ) 

(-» 

l ;l > 
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(J>) IjOt 


Heiww 


J*x nin mxjlx a® ^ (sin mx —^ mx ron mx\ 

r . , (— 1 ) w 7r 

I X SUl f/lX. ttX rr, «— — — * , 

J W 

n 

. /Htn x Hin 12 x . nil! *lr sin 4,/* t \ 

* - (*” “ ■, -i- ;{ * ’ 4 .+ •) 

/t/> .« j. 
a . 

a m c • I niti wr.ii.r ; 

IT,/ 

It 

J * , , rtw mx 

Hill mxjix » 

m 

1 1 I 

I win mx.dx » - (! — r«*n ?#inrl ~ [I — (•— 

wm II if* hi Jg ovi'tl 
** 

?-•'! ** it in in ml«l, 

m 

4 /Hin r , >in l \r *4ii fir uln T r , \ 


(7' 1 


*/•' , } V" • r {-•••). 


If, in to f lint* i * I» givi*H lit. own i4 mnx tt«'v<«lo|tiwtit fur tiny cctUHtmit 

It in, 

I*’ /*ni r . Mitt *!,r Mitt »Vr \ f . 


;f; r f "V fT; ,r + -**)- 


If wi* nulwititui** J' M in or wn g»»i n fatmlmr romtlt, immoly 

w t I i 1 I . 

, - . - .. i‘, « * • ■ •. <*> 

4 I J *» i 

a formula unttuUy ili^nu'il In MiUttfitutuig » * 1 in tl»o jniwnr mmxn fur 

lmr l s* i v, int <\il. V 11 ntu I 

|4) tlu*Hi n«tf li»»Iii wlirii f ' r 1 w » at 11 *i nil i^t fail** w \%vt\ x 0 iuul 

wlit^ii x rr % (»»r in »ll tin**r imw* f ho m-tti*** tmlwon |i» /orn. 

(«*) Lut/?,n • # loan •** 11 1 „ :* 


mill /(XI V r r - 

Unit b* hi |# x,:,/{,n tliu l^r»4»ni 

lin« in tin* figure* 

An tliu tiiiitlp iiihI b t* fur 

f(x) in tliff«*rnit in tliu iwn «*f ili^ ^ 

t!!trVi» W«* lllli.mt lifPIlk nil 
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i 4 

Cftz) ,»»>.* into U*Y>'*"•"'* +/-'W 

I ® » 


"We liave, then, 


JT 

- 

: 2 (a:sin nur.ds + ”, j l7r • r ' H,n " ,r - < 

7rJ ff V 


4 . 71- 


1 »l/ J 7T S1U 2’ 


shaw? *® l « **» " r 4 * + 1 


: 0 “ JW 


U »■ 2 


■u + a 


Hence if y —/(x) roiiresents tmr hrnkfii lm«’. 

. 4 /nin.r win •'!.(' . Hill __ <’ •' 4. . . A 

/( K )=^rF” .v 1 ,v ■ v T ;* 


When x = | /(x) ~ J and wc hsn .. 


I 3 .. 1 j. 1 | 1 } 1 J. 

8 — J3 t ,J, ! r ( , I ~i 1 


■ (tf) As a case where the function has n ilim-milinuity, let 


/(>) » 1 from JT o u 


/(*) - 0 « ,r ' #J “ r - V . 

y = f(x) will ia this east* rtspruwiit tin* linm* hi ilio ti&nro. 

* i,.., I-. 



Ah I H* f«»fo 


• * 

f f\ * t mu )*u *$< ^ i * * i’iiii w 

r 


*f’ | U " * •:! 


** « 

2 ^ o /* 

i - I »in ■»#.#!# + * I lf * <«» irtj'.Jj* t 

*• J n 


i 
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2 

0 

f™, 

II 

3 I tO 

§ Im- 

'l 7r\ 

i — 008 » - 

But 

7 r 

0m m T mm 

dt 

0 

if m = 1 

or 4/.: +1 


— 

_ 1 

“ /« « 2 

“ 4/e + 2 



0 

“ m, a» 3 

« 4* + 3 

Hence 

■SB 

1 

“ M. ■=» 4 

“ 4*. 

*> 

/h -;' 

/ainar , 2 win 2.r 

\ r + 2 

, Hiu.'lr sin Hr 

T .» T" *T 

.1 t> ' 

-KintLr Bin?* , 


( 2 ) 


If * ~ tin* wi'iimi iiti-inlHT of (2) rcdiicfH to " , for 

2/1 I ! 1 \ 1 

w (f ' ;jl f •* •)= 5 by ($)(*); 

and wo boo that tho series represents tins function completely for all values of 

X between .<•=*(! :1111 1 .r * W except for and thoro it bus a 

value which is the mean ut the values approached by tho function as as 

aj’proui'.lirn - from oj*| h mit^i«I«* h. 

J* 

KXAMI'MX 

Obtain the following developments; «. 

(1) * I')""' - s' + sin4, 

(1!) r* ~ ^ i ~ t ) ■'» ' — (Z — •£) win -'i- + “ Ip") Bin 

-r; *'+ ■]• 

(.1) ^)_;[_“V -' i «;r-^* nto +" i “ 5 * 


;n 


4* 


S* 
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An 


if /(»)=» from x — 0 to -r = Z ami /<■'•> - 11 Z fl > •' 

. 2 r ain x - silt ~.r .’Uiu.'lf _ 1 mu I < , 

(4) Sm^ = -Sxn/X7T^J ¥ —^ ^ (• ,,. ' 


if n is a fraction. 

O pi ** 

(5) ^ = ~ I - (1 + O Bin x + - ( 1 — *•*» Bin 2x -f — K l + •' i ,Hiu :*m 

4 ... 

+ — (1 — e*) Bin 4x + • * ■ 

. . 2 sinh 7r r 1 . 2 . | *t M f . . 

( 6 ) smh x = ——— 3 Bin x — 7 mu Jr f* — sni.o- — |; »m \r { 

2 pi 2 

(T) cosh a = - I j (1 + cosh or) Bin x } r 1 1 — «•» ‘*h m mn r 

+ (1 + cosh 7 r) Bin Hr »f * ■ • . 

27. Let us now try to develop a given ftmrtnm »*t r m a *>»*! i»--s **t m 
As before suppose that /(.r) hits a single \ultn* he *uxh \aln*- •*i * i«-f 
ic = 0 and x = tt, that it docs nut Ihvoiuc mliml** Wt«, «-r n < it 
x = 7T, and that if discontinuous it has only fiiuf*’ »liH«’».itf unnt - s 
Assume 

f(x) = 4" />} COS X ”4” cits 2x | o*'4 ;ir I 

To determine any coefficient h m multiply il,i l»\ cm m.r dr ^n’i mir 
each term from 0 to or. 


ir 

/ 


b k cos lex am mxu/x 


( b it cos ”3 ll, 

V 

n 


/* 

,, I [ COH | HI i if 4" *'< * > 1 Hi /. U ■ -1/ 

it 

” 0 if w and I .o v ii*if r^jiiul 

J b m com* mxJx = i #i „r | 

Jm 

w 

^b m cos* m,rji,r ss ^ ^ % 


n i ? i in,! mu »ii r n 


! 'tj i s fiu! 


Hence 


2 A m % 

’ ijjl j */( ,r ) w#X.f/x •' ^ | /sill tipi mil </** # 


if m is not jsero. 
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'I'o get /'« multiply (1) by <Lr ami integrate from zoro to ir. 

W 

j /<„(/.(• -= /)„ 7 T, 

0 

ir 

| A* eoH k.rj/x —“ 0. 

I* 

Heiiea ■* - ( r:;:. * f(a)da, 

7T 77" 


( 3 ) 


w hicli in just. half the value that would he given by formula (2) if zero were 

Huhntituted for m. 

To wive a neparate formula (I) is usually written 

j\x) -- |/i st 4* <*oh a* 4 :s Vim 2a* 4* K eon Hr 4* * * * 0) 

ami then the formula 


b. 


m 

- <> 

irj 


| eon 


if** 


eon ma.da 


( 2 ) 


will give A,, as well an the other coefficient h. 

It. i h important to *ce ideally that what we have just. clone in deter¬ 
mining tin* meflieteJttM of fit is equivalent to taking « + 1 terms of (4), 
substituting iti 

if f A| cl ih ,r | A s com 2/ f- * * * 4" A* eon nx (A) 

in turn the coord hint ch of the ## 4- t points of the curves 


if j\ ,r t 

whose projections cm the axis of .1" are equidistant* determining A tn Aj, A a , •••/*„ 
by olimiuat t«»fi from the n 4" 1 remitting equations, and then taking the limit¬ 
ing valne*i they approach m » in indefinitely increased. (v. Art. 24.) 

If Xr W . the nlmvimm of tin* w+1 iwiiiiti twed lire 0, Ax t 2A/\ 

#i I l 

l\Xr % • * • nX*\ wt that **«« *hnuld e&peet our cosine development to hold for 
x 0 iim well m for values of ,r Let ween zero and ir. 


2K. Let me take title nr two examples ; 

(it) Let /or i . x . 


0 ) 




- '* , 2 ir 1 

Off/ - = - -r ^5 7T , 

V 2 


2 i* 

I X Ci 

rrj 


ti« #»./,fl,r 


* (cos wir — 11 3— , 


clrU—13- 
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[ A u i\ 28. 


Hence x 


7T 4/ , COS *>.f , CO HO/ . (!OH <.r , \ 

= 2 --(«osx + -- + ~-r r - + 7 ,~+••■)• 


(2) holds good not only for values of x between zero and tt but for x = o 
and x » 7r as well, since for these values wo have 

^ 7T 4 /, t 1 . 1 , I , \ 


!~;(' + .-i ,+ s i+ r- i+ "') 

f + ;('+:I> + 5 " + f> + '") 


which are true by Art. 26 («)(.'$). 

(?) Let j 


f(x) =» ,r sin a* * 

2 r . 2 

i 0 = — I ./* sin av/.r srs ~ 7 r s* 2, 

7 T J TT * 




r sin x cos xj/x 


iln 2xji.r 


/ * Sin * «°» v f[t Hi» I in {'1 lx - .<■ Hitt (m — 1 ).r jr/.r 

0 


(«/• — l )(w 4' l) 


if /// is odd 


Hence 


(w— l)(/// 4-1) 


if m is even. 


38in* = l - <10H f _ j. S«*.V _ , 

a l-‘i ^ lvi " ~:ui~ + 


If x — ~2 wo bavo 


^=1+ 1 ^ 1 i 1 

4 2 + u :w ' ;,r 


HXAMI'I.KS. 


Obtain the following developments: 

(1) f(x) = - — T£2L~£ 4. !' os <>£ _l ( '" >t , <-m U:r 

w 4 ttL I s + T Kt ~ + ~ fi”- ’ 




if f(x) — x from x = Q to x = ~ and /(x)> 


s tt —* r from 


jr mm -- tu .r \ar KT , 
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l . 

2 

Pooh x 

(‘OH 2 

i.r . (*oh iu* 

( 

*()H 7x t 


- 


(2) 

aas 

2 + 

7r 

L~T“ “ 

2 

- -i- , 

> 


7 + 


I 


/(x) * 1 

, from ; 

r ** o to X : 

__ 7T 

o 

and J\>i 

r*) = 

:0 

from x = 

- 7r 

»> 

to . 

X =s TT. 

(3) 


77"*' 

S 

— 4 

c 

:um x coH 2x 

coh 2 

X 

(‘OH 4a* . 





_ 

p~ 

o*J 


,,,» WM> 


.«*- + • ’ 




(4) 


7T a 


r 

/7T* t \ 


?r a 



/7r *4 

4 \ 



X 8 S= 

T 

-»L 

Vi* i 1 ) 

I (‘OH 

* r — uj 1 

t*o«s 2x j 

+ 

2V 

cum 

ite 






7T a 


, /w' 4 

1 \ 











- -- CUS 

4 a* H 

r (.V ” 

:*v 

ro.s 

[ o.r — • • 

* 



(6) 

/(*) 

am 

-4- 

8 T 

o 

TT 

[(?-■: 

) <*"•-* 

«# 

2' j 

ro.H 

2 x 

1 /2tt 

_ , ri ^ ,/ 

4* 


urn 2x 






+ a r- - 

^ f»* i •-* 

1 | (’OH 1 

\r — 

«> 

t cog fix — 




j^a-) — , 

X 

from 

X 

M 0 id 

x S3 

^ ami 

,/(.<*) ™ 

0 from 

r a ^ 

to X * 



*> 

r l 



1 




I 




(6) 

If*" — 

TT 

G" 

f’* . 


t-r j 

+ I 

1 f«*H 

X ' 

+ | 

(f* — 1 3 

\ turn 2x 


1 + w 1 1 

2 xitih w r I J 


( v n 1 ) nw ax 


i 2 mull w r'I I * I 1 *| 

(7) 00811 X W —^ I — - turn x -f ^ ro*i Jx — ^ - n»H 2x 

1 k"'“ ' ■..1 • 

2 p 1 I 

(H) Hitilt X ■* — - tPiisli TT I * * l# ftumli f f || i’oa x 

If L- 

, I . . .. I . . 


(!l) mm px 


\» s fi’n^li tr — ! i r»w 2 

ti 

2/4 m it /nr f1 *’«»* r 


( r®r4i T.‘ f 1 » roH 2x »}• 


111 /nr j 1 *u»* r i'«i lf.< i• 11 H * 1 X 

W ft‘ P X X — *1* 

4 <no& |x 1 


1 /I’ •- I *’ J 

if /a in a fmrtiint. 

2*J» Atlii«nii-fi any fittmtnm ran iw* r\|«tv***‘*i Utth a.** a nmr irrtr* ami aa a 

(•twilit* » i rit«? 4 # ami tin* liiiiiimii ami ml loo « ill no •»«jua! I*»r all value* of 

x betwium /oro iisitl 7 f, there is a ileriilrd ditto?enee in lip' lmi» *ej i»*h |*»r **ther 

viittnm «f x. 

Hath mn*it*H art* j*eriodn* fniu'ti<>i»* *4 x tin* |rn«iJ 2 tt. IS llnai w o 

1**1 #/w|inil Iho norm* in igm'*tt«»u and r<m*%tnmt the j»»rli *hi »*f flip rtirrriijtttiiil- 
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I Aur, 29. 


ing curve which lies between the values ,r = —* 7r and x * tt tin* whole 
curve will consist of repetitions of this portion. 

Since sin mx = — sin (— mx) the ordinate corresponding to any value of 
x between —7r and zero in the sine curve will 1 m* tin* negative of the ordinate 
corresponding to the same value, of x with the positive .sign, In other words 
the curve 

y = a x sin x + a 3 sin 2x a,, sin d.r } ••• (I ) 

is symmetrical with respect to then origin. 

Since cos mx = cos (— mx) tin 1 ordinate corresponding to any value of x 
between — tt and zero in the cosine curve will he the same as the ordinate 
belonging to the corresponding positive value of x. In other words the curve 

y = - 4 * by cos x 4“ b, 2 cos 2x f- b :i eon Hr j • • * (2) 

is symmetrical with respect to the axis of K 

If then f(x) = — f{— x), that is if J\x) in an mhi function the sine aeries 
corresponding to it will be equal to it, for all values of x between tt and i?\ 
except perhaps for the value x = 0 for which the series will necessarily he 
zero. 

If f(x) = /(—#), that is if /(>) is an nrn function the cosine series cor¬ 
responding to it will ho equal to it for all values of x between x - w and 
x = ir, not excepting the. value x = 0. 

As an example of the difference between the sine and cosine developments 
of the same function let us take the series for x. 


y = 2 [mu x- f 


sin 2x sin .V sin 4x 

' T" + ;i 4 


„ _tt 4 p cos *ix , cos or , com 7r 

« , ”3-;L"“ + ••'“ + y -*' 1 

[v. Art. 26(a) and Art 28(a)]. (3) represents the curve 


(d) 

|4i 



1 . 
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Both coincide with // — x from x~0 to x = tt, (3) coincides with 
y = x from x tt to x ;r:-tr» and mother coincides with // = x for 
values of x less than — rnr or greater than 7 r. Moreover (3), in addition to 
the continuous portions of tin* locus represented in the figure, gives the iso¬ 
lated points (— &i\ 

30. We have seen that if j\r) is an mid funetion its development in sine 
series holds for all values of x from - tt to w f as does the development of 
/(X) in cosine series if /cxi ih an crew function. 

Thus the development* of Art. W«og Art. 23 Kxh. |2h (4), (f>); Art. 23(4) 
Art. 28 Kxh. (3k (7 t, fib are \a!td for all values of x Wt ween — w and tt. 

\nv function of x vim he developed into a Trigonometrie series to which it 
is equal for all values »»f x hetween - w ami *n, 

Ia*i /(Xl he the given function of x. It can lie expressed m the sum of an 
even funetion of x and an odd tunetiou of x hv the following deviee. 

1 r, - A '■ ,1, 


identieallv; hut 


/l.rl 

/{Xt | t\ 


X § 


1 h not changed hy reversing the sign of x and 


is therefore an rvvn function «d x; mid when we reverse flit' sign of x, 

fix) — JV^ * rl affected oiih t*» the extiMit of Having its sign reversed and 

*# 

is consequent l) an mid function *»! x, 

Therefore tot' nil values of .r t*e! ween it and w 


/|X1 


r 1 


1 


/»„ l It,, **<m x I* l-S'i cos 2/ : h etm 3x *4" 


where 


( */<** 4 fl XI . 

* * ♦ " ' cos i?ix,*ix; 


and 


/ti-i 


» 04 r | »i, mu 2x 4’ #| i Mil 3x 4' 


wht«ri* ”J 

4 m iitnl <t m riisi l*e niuifibiint a hnl 


3 f » f’i xi 




fiili mjrjfa , 


( ■* f 1 H« 1 e # 

2 


fV.I , cmft fffJ 


.I’ 


mo * if. ro't4 f«/ 
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but if we replace » by — r, we get 

tr * „ 

f f(— x) COS mx.dx = — j j\x) i*iw mx.tix j /, 
o « 

8? 

1 /* 

and we have h m "= I /«.*’> com mx.dx, 

it j 

n 

Iii the same way we can mimv the valur »*! <t tn to 

I 




I /* . 

J «' 


I sin mxj!j * 


Hence 


= ^ /'o "f* COM *r ~f“ run *Jx f /' ;i i'ih * * # * - ■ I 


where 


+ Hill x **{" ^stff 2r I 'U!i mi * 

i /V. . . i * 


I 


7 r, 


/* , t /* 

| /(.r) ms wav/ t r ^ j /, 


f 4 <1 » I'Hi f/t! 


and 


I /> t j A 

- j /{•>*) hi« w.o/.r J /,« 


* 'ail w*i »/»i 


and this development holds for ail valuta ut r 1»h « mi -•? . U |,j ^ ( 
The second member of (2) in known a* a F.»tm.u 


EXAMPLES. 


1. Obtain tlm following developments, all of wimli .»■- *, .Uni im,,, 

to X = 7T : — 




*» |o 


2 sinh7r rl , 


—— MU ,r - ; Mill *J.f f " , ltl 

L.~ *> I i» 


i; 


hi 1 1 


( 2 ) 


f/ r \ _7r 2 r cos ,*L 

J{ x ) — 7 — - cos x + — 

4 7T L ;j* 


ir 


ms ,ir ,*»,,! 7 r 


r ,4 


-L _ Hln sill :ij Hill *tr 

t 2 “ r ~~ t 


wta Al ) = ()[rmni = _, t „ j . =Umil/iJi ^ . 


r «l li 
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’[ 

i 


n 

M'i «*”» 

2x 

+ 

l 

a* 1 



## 



— 





f 4 - 

tl 

f 4, . . 

. . 



1 f/ 

llw 

i \ * 


:tw 






"• I 1 Hill 

,r ' 


Hill 

L’.r 

+ 

•7T l„\ 

- 

f 


4 





;iw 

Hill I.C / 


’llw 

I 1 




H 

( 

.10 

,v. 

f Hill fh 


r>* 


, I 


(U)H 


»‘Lr 


■]• 


wlmro /(x) - x frulii x 


v tu x o, /(,ii o {'rum x o f (0 x 


7T 


and /ixi x ~ ^ fnnii x ^ In x ?r, 
lh Show fhat funniili i«i All, .'III uaii ho mrtffott 

/{XI ,/*„ ru?* M« I |l|l f x,r».m|: # r /*.,) } r, «*o?4 (Tx — /J,) -f 


\\ Iirru 


i.; i i‘<- , 


tiid 0 m Inn 


»l, SlfctW that fullllllLl {’/t \ I ! .'Jo «\»ft III* ttullrli 

/{XI - ,/’*♦ Hit* (L i **, Mil i f I f f *}Mn * /hi f r, Hill {.’Jx -f 4 . 


w here 


C f // ^ mid |L 


l.lll 


hi, III fi«‘\r!«»|i| Jig II ItffwiMfi m| r ill! o I! Tl tjlirf S Is* hWU'H if l!% f *f toll 

inonmniii'iil t*» he Ip-IiI usilttit tin’ ii.iii'mw Eisiiiulnf .* tr ainl x tr. 

Let 4|s nor ll w «’ iMIslissf 4% i«1«*si I Inin 

Lrf it lix lr<|iiio4 |m <ivNr|n|« *» ! Ulict i« it * if r fftfn *| Tl r^ininllltTl ll' HrllfH 

whirl* Hindi lir |m h « 3 In ad * i!a*' s r h* twin'll .r — e mill r r. 

Intr«*iliirn •& »m*w variable 

w 


which in * 4 i|tiiil in - ff 4i lirii ,r / ,tnh !»« ^ \% h«*u x »•, 

/Ml /^ ^ | * .*!i l»r tlri rh»|***«| |!i trlllM • *! ?i 1 *| All hO |L*I» 1*11, llllll f t I. 


We llllli 


■C ) 


wIliTif 


1 


it is if ih 


4 f-. 


In m*h .'h #■ 


♦ it, ; i ! i 


i, ill ;t * 


) 


n. i 11 l\% # S 


{* {. ) 


ili 


i J * 



50 


DEVELOPMENT IN TKIOONOMKTKIO SHKUCH. 


[Aier. :!i. 


and 




ain mz.dz * 


(■‘0 


(■i) 


and (1) holds good from s = — it to s = tt . 

Eeplace * by its value in terms of x and (1) becomes 

». x I,,, m . . -7r.r - Evr./- , 

f(x) = z b 0 + b t eos-)- o 3 cos - -f- cos - f ■ 

la (' c r 

, . TT.r . 2*rrx . . :*TP.r , 

+ a x sm — a % am —+ *t A am - — p 

The coefficients in (4) are the mine an in (Ik and <f) | t ut«| M Kt)Ut } f rom 
x~ — c to x = c. 

Formulas (2) and (8) can bo put into uunv cumvab-tif *diaj» r , 

lm== vfKv z ) <:o ‘ 4 w ~ jh= l J /i - ri . .T \- ,ix 


, x W7T.r . 1 

a*) cos- dr 

e 


* /* mwx t 

- I /(A) non - - d\ „ 

m.' e 

* 

In like manner we can transform (,'i) into 

«»=£//(*)ain j./U.sin ^\/ A . 


0) 


(<>J 


By treating in like fashion formulas (I) and Art »,„i 

and (2) Art. 27 we get 

Wtiufb.M 11) 


/(*) — ~ + "a sin ~ 7r-r -f- n a Hin ‘* 7r ' < j. . .. 

(7i 

where 

0 « f 

( Ki 

and 

/(*> =5«.+S, <» E + ,,,» ay + A< „„ :'fj- 

it>» 

where 

0 f *' 0 

ft 

(111) 

and (7) and (9) hold good from /=-(| to x = *. 
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EXAMPLES. 

1. Obtain t.bi' following ilrvolnpiuoiitH: 
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(0 


1 


•I 

7T 


■ 7T.r 1 , :iwx , 1 , r> 7 rjr 1 

. H 1 ~r~ f +5^-— + *••] 


from »t 0 to .r #’ „ 

(2) x ~~ f .Hia — - 1 nin 4- * »■«> ' iw £ _ ! H j n ** 7r - r 

r 4 ,, 


(») 


A 


from 

,r 

v 

»•; r 

«i 

rr 1 [ 

from 

,r 


i-tr* 

l, 

Vi 

*w 


, «, 

from 

r 

r i 

•1^ 1 

1 ;i 

IT' 1 

from 

,r 

«♦.*, 1 

mW j 

i f- 
■ •- 1 t 


-• ' :» 

t i i ,r .....I* , 


+...] 


™ 4 , ^ *^ mr i l tt*rrx 1 7 ^* 1 * 

<• 1 -i 41 ,w "7” + n* WK + f. ««* ~ + 


i? 


•] 


- »i!i 


r * (? 

I ,f «* . 

T ’ r * -TTX , I 1 dm*r -1 

7 7" rm r * a* NW r -y* 4 ** ~ + ---] 


to ,i . . i’, 

hi,, rj. , - J - • l*™ 


if mm’Jr 


. n>l i , 'Airs 1,1 | , 4 WX 

>■* i 5*r< ' ’ 

J - j 


i * i * - * . ■* n 4 4 

• ! f I»lir* T + 


]• 


i r 1 r' || fy r r | 

- ' .m -.. 


I 2irr 

rt>n 

i? 


• t | 


.’ifr.i- , 


. * | *j ff * 

i-i *'> 

• * 

J 

Iffitit r it f M 

,r 

r 


1* I urn 

t 

:iwr 

1 t*wr 

*■* 1 oo 
?r l 

;s> 

mu 

i Jtt Ml, + 

from j ii 1 4 * 

,r 

r 



•] 


wI "‘ r " /< ,f ” w - .11 !«• ~ jr from jr 


e 

T, to 


# r t 
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[Akt. ;l>. 


2. Show that formula (4) Art. ,‘S1 can he written 

f(x) — - r„ cos fa + <‘i o«s — /Si) + 'a <,,,s ("^ ~ M') 

-(- ^ r lk}+‘" 

where r m = {"H + 1‘mY* ftm tan 1 • 

3. Show that formula (4) Art. 31 can he written 

1 /7r.r \ /'Jttj' \ 

f(x) = ^ r„ siu/3„ + <\ Hill + fa} + 'a niti { ^ | /l.J 

+ -.-in (*' + „,) + •.. 

where = (tt* + and fi m tan 1 *'"* . 


32. In the formulas of Art. 31 r may have us great a value mi w». ideate, 

so that we can obtain a Trigonometric Series fur j\.v\ that will rrj.ivM*nt the 
given function through as great an interval ns we mn\ ( 'hu..s«- t,» lAv, If, 
then, we can obtain the limiting form appmaelied h\ the :,mn , \ » \n, ;»j llH 
c is indefinitely increased tin* expression in ipieniiun might !«• hr rijual t<» the 
given function of ,r for all values of an Kquation i I) Ait. 31 ran hr wnttm 
as follows il we replace // ()) , Aj* * * * tt j, « * * try t heir \ aliie » ^inii in 

Art. 31 (5) and ((>). 


m 


- r 



i , mo 27r\ 27nr , . 2 ttX 

+ C08 COH - -f- Hill —» 


jtr r 
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^ f'jiwx .j + <•<>» - e — •<•) + <■<*« ~ a — .'•) H—J 

e 

— .! f/( x ) ,lK 1 + ,,,w ” (A — .r) + cos (k — .»•) + • • • 

~-6 

-}- eon ^ (A — »r) "f cos (A — ;r) + * * * J 

since cos (~ </»* eos $ • 

/(;'•) “ o^ / /C-V* -1* 7 , ’" s T") (A “ + 7 (,<m (” 7) ( A ~ X ) 

— <? 

. 7T 07T , . 7T ?r v 

+ eos -■-» (A — ,r) -f- — cos — (A — tr) 
c r a r * 


4* ^ Ct >H (A (1 ) 

Ah r Is indefinitely increased the limiting value appraimhed by the 
parenthesis in (1) in 

j ens «( A —* *»’).'/« . 
lienee the limiting form approached by (1) in 

/^rf : : * ( |/i A li/A ^ eos «{A — >r)da , (2) 

and the second member of ilN muni be equal to /<>) bn* all valuea of jr. 

The double integral in t'Ji in known ns fanners Itthyntf, and since it in a 
limiting b»rm of /*Wor\< S*nts it \h subject. to tin* name limitations as the 
series. 

T)i,-it. in, in i.nl.'i- flint mIioiiIiI !«• true f(,r) must- 1»* finite, continuous, uml 
single \ iilucil lor all vallies <<f .r , or if discontinuous, must have only finite 
disci nit iiiiiit ie*. # 

l*J 1 i h soling lilies ghett in a slightly different form. 


Since | eon ii« A * m/o ; - j con ii|A — 4" | |,|,M aia/a 

% » * 4» W 

and 

n » ” 

| eon Ui A -' j lJu ~ j t'tw 1 — a if A — J’)nf p— a I • ” ‘ “ j nos «(A ; Jtj.tia 

j\, im — .r ),#/«* a® l*J eon — 


Hri^ «> 1 i |hi| l<’ *tH, 
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and (2) may be written 

00 00 

f(x) = ~ f (*■»« a(K — x)Ja . (3) 

-» 0 

If f(x) is an even function or an odd function (.'*) can he still further simpli¬ 
fied. 

Let /{-■>■)■ 

Since the limits of integration in (2) do not. contain a or A. the integrations 
may be performed in whichever order we choose. That is 


OO 00 


jf(X)dxj cos a(X — x).(la = j da j/(X) cos «(A — .r).dk . 


How 


00 W ^ 

J/(\) cos a(A — x).dk = J/(X) cos a (A •— x)jik + jj\k) com a(k — x)Jk . 

— oo •—d# *» 

0 *» 

ff(k) cos a(k — x)Jk = |/(— A) cos <*(■— A — x l,r/| — A) 

— 00 yn 

uh 

= — cos a(A "4* x),dk 

0 

and (3) becomes 

QQ % 

/(*) = - [cos a(A — r) — e-is «t A + -<•) J.</A 

2 


a « 

00 » 


= 7 rX^ pW H * n 

0 0 


/(#*) = ~ I /(A)f/A | sin aA win ax.da , 

» « 

If f(x) = /(— a:) (3) can be reduced in like manner ft* 


0»> 


/(^) = ^ J f(k)dk J cog aA cuh ax,da , (f>) 

o 0 

Although (4) holds for all values of x only in mm* j}xi is an ##/#/ fiiitct ion, 
and (5) only in case f(x) is an m*a function, Imth (4| a?nl cat hold for all 
positive values of x in the case of any function. 


EXAMPLE, 

(1) Obtain formulas (4) and (f>) directly from (7) and fill Art 31. 



VllAVTKli ITL 


(*(>KVHUHKNrK OK Knt'llIKK H SKUIKH. 


Xi The question of the mfirrnjnm* of a Fourier's Series is altogether tew 
large to ho rumple!eh handled in an elementary treatise. Wo will, however, 
consider at Home length one of the most important of the Morion wo have 
obtained namely 

4 r . . ain Hr t Hill fur t hiii 7,r , -| r n 

mn x f| I* - * - + „ + ■ * * , [v. (4) Art. 2t>(/*).] 

7T L ** 4> 1 J 

and prove that for nil valine <»f x between zero and w itn mini is absolutely 
equal to unity; that is, that the limit approuehed by the mini of n terms of the 
series 

m m * 

1 Qhn jt a.tia | MU **' | mn 2a Ja 1 mil Its j sin IktJm + * * * J , 

a« n is iinletiiiitelv mer*\t»ed t sa 1, |tsmi«tnl I Suit x lies between zero and 7r. 

Let 

^ * • 

$ ^ 2 [ %ou r Am «i */*i f mu 2x l »m 2m Jm mu «V i sin IktJm + 4 * * 

J ?/ / 

#i r | *nii nil » hi J . (1) 


mn 


Then 

m 

2 i* 

*■ -ji 

m 

1 




HI It fl Mil X 

I* »i!i Ihi silt 'Jr -|- am tli» sin .Hr 

+• sin mi sin ns]tfa 

r«e* i«i >' 

i — ,1 <i«t . icl f * * ’b ro ’« »*%«# *“* x 1 — rtMl If Hi + •*'*+’ * * * 

■■f" « < II * 

•*' , ii ■ * i < »?i flitl “lb ^ l*|*lt# 


e«»s iii * 

■ i f- nil * # !il — r ? el*.-* H, *i » 1 f * 

•* »§* tv, m#* — 

r»n <tl ’ j* x 

t 

+ 

?§ 

* » «f* ri *.*» n | -f* X 11#/<K m 
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I Aar. ;h. 


Therefore by Art. 20 (1) 


& 




+ 


sin (2 m + I ) : 


sm • 


-}/« 


s. 


_A/ [4+ . 

o 

1 » sin (2/i, + 1) 


sin(2«4 I) 

. « *} * r 

sm 


a i .r 


da , 


’■=rj 


da ■ 


j "*»><-« i * 1 ,r~ 


Sill • 


Jtt. 


• u I x 
Mil 


da . 


^ sww* ^1* 

In the first integral substitutes /if for ami in the second integral nub- 

stitute fi for . 

We get 



It remains to find the limit, approached by S n nn n is indefinitely increased. 


34. 


!For 


/ 


Hi_n_( 2 « + 1 )fi 
sin fi 


tfi 


7T 

O * 


$in(2n + tyfi 
2 sin fi 


— ^4" cos 2fi -J-* coh 4/i *4* ’ * * 4" cos 2nfi 9 


{U 


by Art. 20. 


and 


j" coh 2kfi,dfi s 


Let us construct the e 


curve 


// 


_Hin {2n 4 IV 


hui x 


We have only to draw the curve ,j sin \'ln + Hr and then t.. divide 
the length of each ordinate by the value of the hue ..f the e.,i responding 

abscissa. 

In y = sin (2m + 1 )x the Hueecssive arches into whn-h the curve h 
divided by the axis of A are equal, and consequent ly their area- are equal. 
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Kai-h aivh lias lor its altitude unity and for its base 

7T 

o ;i j * | al}fI symmetrical with respect to the ordi- 
iiaf«' of if h highest. or lowest point. 

If iim\ we form the etirve //s® 81 n "KAif f rol)[l 

nina* 

tin* t*tir\f // nia 1^4* IV* if in clear that, mneo 

Hin .#* iuervuHrN hm x ineivuBeH from 0 to the ordi- 

imfe of an \ point i»f the new curve will bo «hortor 

tlmn the ordinate of the oorreHfwmding point in the 

preceding a rein and that consequently the art‘a of 

i i r Hill f 2 m 4* 1 lx 

arell of ?/ ." ’ ' 


will be hm than 


tiiiif of flu* arch before it, 

If o jJt ti it • ■ ■ a m t t are the areas of the auo- 

ee.Hnn e urebeh ami n m that of tlie incomplete arch termi¬ 
nated by flic ordinate eorreHjmndinj^ to x-'.= y 


( * mu i• a b 1 li ‘ i , t 

r ~ , ~ tix ? — #l i X "* — «« + ’ 


r +1 lit J W 

/ oil 1 r J IIIli |f f 2 J V 


1 fence 


+ fi f — «i* 4* ti t — • • * *4 t$ m if n ii nffii, 


•n m if n in odd. 


§ti 4 *f i**u a ran U* iv nttiu* 


7; - 1 ? I 1 f ' ?| s r 

! i -of «m i 4r-*i # |+« # ) 

$f ?! ri » o n < and 

## ■> «t s:; •* . o, I- o ? * 4 < 1,4 # 4* 

♦ . "I a* | } < ‘ *** § 4* #l » - 1) 4* (** <*•) 
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In either case each parenthesis is a negative quantity since 

«o ^ ^ ^ ^ &%* 

IT 

and it follows that & 0 ia greater than ~ - 
Again 

^=ao~~ <h + ("2 ~ "a) + Ou 'O H-4* ("a — "* -1) + "• 

if w is even and 

7T 

2 == <*o <h + (jh — t*n) + 0*4 "a) + * * 4 4 I #r « i » 

if n is odd. 

In either case each parenthesis is positive ami it follows that >/ t , 

less than ~. 

A 

Since 

7r ". 

->*■ — "i. 


«o and a 0 — (*i differ from - by less limn they differ In mi r;n-h uilim 
is, by less tlian a. x . 

In like maimer wo can show that. ;unl . j-.», differ 

7r 

*2 hy less than //<j j and m general that //, t *|« o^ “***• o t ®|« * * * i 

from - hy less than a k \ or even that 

"<> •— tt l -f- // a —■ u H -f * • * A:: 

7T /' 

diifeis from ~ by Iohh than <t^ no matter what the value of p , jtn>\ idr 
greater than unity. 


35. Prom what luw been proved in the last, artiele it iollmv i that. 


if 

S 


sin (Lb/ 4* 1 tr 


«tn s 


tlr 


where b is some value between - and differs Inm. 17 hv 1. 

-// •+■ 1 L L 

sin <L« | 1 ij- 


the area of the arch in which the ordinate of 

Hsu r 

rngto a = 5 falls if this ordinate divides an areli, «»r l*\ !.*hh tli.i-i fl 

of the arch next beyond the point (A, 0) if the curve enmnen the .uo 

that point. 


* «i is 

\ that 

t mm 
li Item 

d /# is 

than 

q»Mlid 

• ;u«\t 

A at 
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Tho area of tin 1 arch in question is less than 


7 r 


In + l 


, its base, multiplied hy 


I 


4-1 

Therefore 


fliM ( A “•-*«+'l / 


, a valuo gmttor Hum tin* length of ita longest ordinate. 


,r 


nin {+ l )x 


H1H X 


t(x 


differs from - 1>.V less than { .. -- ^ . 

\ 2H_f- 1) 


1 


If now it i» indefinitely increased — •- '•••———r 

zero as its limit, and we get the very important. result 


limit f /'fin u*« - f S ).c . “| 7T 

»«*LJ ' wl , .r ‘‘J 5 


approaches 


( 1 ) 


if 0 <6< v 


* # 

9 ~ I 




* ^ (2)] 


{' *«»«-»+2’# (// , I 1 ’ ( HW S~t'Kill* d a 

J mud f 'irJ m« H P 


1 pm <*,*>. •} tl/t^ . I 

ft ) Mil H *tt J mi f§ 


z „ t 

D 


_ * r-'* 

J fail li 


ff Mii|i 

m 

§ 


TIih Iii^t vnln* S m *\*u l«* %*»ii4**avlutl §tfti|4tflw.L 

Sul*Hf if tiling 7 ji tf»‘* 


/ 


*«» f-H f‘ J itf . 

vmm* i ? 

14111 |f 


Uar, /y * 

f Mil ^ J 


I 
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Substituting y =* 7T — ft in 


\sin (*2n + 1 )ft 


pin(2»+i)# , fl_ _V siiL^jf^Lb; (/ f 

J sin ft P J w»y *' 


■>'> (-"•! I Vi,., 

, ' tl I 


. fsHiCt'diiM,/,,- r- ,u 

J Kin ft J mi 


Hence 


„ _ 2 r sin (‘in + Dft 

shift 1 
o 


, M + r Y^-F" 'K l .]£ «/,, - " 1 »y, 

' * 7T J MU /i IT J I m - / 

» tt 


pjJliHl+L'l*,/,,*,, 1 ? 

J .HUi/f « 


by (I* Asf. 


limit f r sin (L’ti -j- 
n s=s ooLJ nin fi 


< i ft J r Z 


if 0 < x < ir l»y {11 Ait, 


ff * 

limit r r4n=» ■j-i!/!,,,-] * i( „ <r< „ 

HUt fi 1 | 


Therefore limit 


I — i-i a ii 


. kIii Hr , f^iii 7 *r s *iin 7 

8iu^+—r- i * r . 


for all values of x between su*rn utnl w. 


87. By a somewhat tong tmi imt. i«*j»*ru!lv 4Jf7--r? 
soiling just given it cnn tw* shown that il r' * * m *», 
between x = — tt amt szzzir* ami h,M «-nh i e- 
tinuitm and of maxim ft anti minima Ul^ru 
Fourier’s Series 


2 4* ^1 (,< IH X »f- tan 1* r | /, 5 i , J , | ■ • * 


+ "t sin x .I'^mnLV i -an 
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whore 


and 


I r , 

*t m — | /(«) Hin mcula 

# 

w 

i> m I /’r ci) cos maJa , 

77* * r y 1 


ami that FnitritT* Srrint whj hi inpuil to J\x) for all valuoa of sr between 
j' ~~ 7T and x 7T , rj't'rpf $a*j thv ntfitt tf of ,r von'VHpuml'uitj to tin* <!mean- 
tinuith'H of /(.r), and t lm \ahirn ?r ami — tt if /(tt) is uni equal to /(■— tt); 
and that if f m a value of .r mrrespunding to a diseoutiimity of J\x) t the valuta 
of the series when a r hi 

1 limit f , , , . 

2 * o (/«'* ~~ f 1 ]; 

and that if in in if. equal to tt) the value of the series whim ;r as* — % 
ami whim x ™ w in 

* f/< wi j /nr l]. 


If ,/<•**) while tint ifth it»n t l»r romlif mm* named in fho preceding paragraph 
except tor a tiusfr numhi i of ndnro of ,#*» borome^ i 11 1i 11 i1 1 * tor those values, tin* 
series in equal to fl§r I mo timi rvrrpt fur fin* \.i!tie* of r in question provided 

w 

t * 

that »»/.*■ t*i finite ami dotri minute. \\ . lot, i ah Arts, Kd and 8-1,1 


MS, The ipir itimi «»f flu* rHiioi-^iina of a Courier's Series and the eondi- 
tioiiH tinder tt liisdi a liiiMiiini uia \ l*o dm *d<*prd in roirli a series tt uh first 
attacked stteee. In!H to 1 hi nddrt in !spp, and hin eniiehiMous lm\ e hern 

eritiei^ed and »• %l «'inird In Infr ? mat liotitut tnuii*, notahlx hi Unmintiii* IItdm% 
Lipsehit/, and 4o Itm-s lh *m<»nd If m.ii be noted $ hut tin* rt’itminims relate 
tint, to the miflirn nm hoi *«, ! hr io . i ■ i\\ of I hi jrldet % enildif ions. 

All exerllefit n-’muif- *4 f !«■ hlrtutuie <4 ! ho Mthjee! hi i»t%eti l*y Arnold 

Sue line ill a ’>h»o! n . ] n*h j,»-4 hi fhinflnnr Vilhirs, Ihirin, |HSU, 

ntititloil ** Id 'A s Hi 4 i, Li Jh'prrf-ii ntatnm *Vnnr I’oiirti»ui Arhitruire 

d min mailv un a 1 *1 p,u usn- 14igoinnnhltnju**,* 1 

*l!>. A it d oi h,• ^? * flifowii on ilio of trii^finoiiiidric* 

w*rii*H In t lit* nit* nipt tM-Mii'iimri ap]*fo\i)n if * h rtirir-h i*orrnHjiiindHig to 

thrill, 

If ivr ni|i?4nii ! i/ ,i, # and ^ o, mii ‘Jr ;nnt add tin* ordittalrs 

of tlir jiiiinlii Inn iii|| I hr mint* tt r tilnill ohlain jioilitu ou the rurve 
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[ Aht. :S9. 


CONVKKOKNt'K of f< u sriiins. 

// rr f/j sin j" t >\ \!i F r. 

If now wo construct //r? 4 sin Hr ,iu«i .iHI tin* ••m 

y z=. ax sin x -{- k 3 sin Hr we shall gyt th** * ul 

// S=S //j sill ,r *f- *tj Mil F ' j • *'.'?! . F , 

By continuing this process uv get Mierr*,-in c* .tpta • ; m h .. -u , to 

// = f/, sin .r + 'h *nt Hr f-'on .1* » % ■ n I * * 

Let us apply this method to a Jew ul the »)Hin wiueh » r h ti w t 
Chapter 11. 

Take 

1 . I 

y = sin x + sin Hr 4* . sin Hr 4 * * * * 

*> * * 


= 0 wilt'll •!•*=(>, from I o !n r » •>r, ,,|J.1 n 

v. Art. 2(5 (7/J(,'i). 

// = 2^.sin j- — * sin 2.r i- !, no .'li | 11 1 " ) 

— .r from .r a* o t<> .r rr, .oh n » .. 

Art. 2(>[«](4). 

4 p . 1 . 1 j 

— •r fniln J'sall til /w’, .Iini f , , 

Art. 20 [r](2). 

I •» | | 

y= ,«»»•!"+•” »in 2/-f -mu a. • , 1 .... 

1 * *» ** I. 


= 0 Will'll XXBlI, 5 f r , l||t 


»♦ ?«' . 


U"1 * * * r i.?.j 




v. Art. 20 [(/](2). 

It must 1«'iKintc in miiitl that ••i«<-li •.( !h« „. . , ,, . 

period 2ir, and in Hyiium-triml with mijH-it u,, , 

. The f(,Uo "»'K I. II. III. 4»..l IV j... ,m rt,. ,... M 
tions to each of tlienn rurv«"i. 

In each figure tin* eurvp ,/ il». s ,. n .„. , ... 

are drawn in continuous »u<l th.- , 

corresponding to tbo torn to !*» iiri . . , 


Ut those of 

Lf.tnini i» 

(U 

(") 

(;ii 

, i « j 41 

!,«» ? r. 

i;4'«Ul h * Ih^ 

n 

thu i liftt 4 
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I*ltOl*KKTlKK OF ForniKtfH SKUiKH. 


r>5 


FigB. I, H, III, and IV immediately suggest the tallowing facta: 
fa) The ctirvc representmg each approximation is continuous oven when 
tlm curve representing flu* series la discontinuous. 

ft) When tin* curve representing tin* series is discontinuous the portion of 
each successive approximate curve in the neighborhood of the point whose 
abscissa is a value oi r l*»r which the series curve is discontinuous approaches 
more aud more near!) a straight line perpendicular to the axis of X and cun* 
nee ting the separate portions of the series eiime, 

p«) The etnar,H repie.*»eutnig successhe approximations do not necessarily 
tend to lo.ie their \ut\\ character, since each b obtained from the preceding 
one hv superposing upon it a \va\r line \\ lame \vu\es are shorter each tilin' hut 
do not neeeviar»t> h»-*e their stuiptiess of pitch. This is ilmense in Figures 
I II and IV. hi Fig, 111 the wave* uf the superposed curves grow rapidly 


UUWei, ^ 

li follows from t liso t hat ill Hindi eases as those represented in r tgures hit, 

and IV I he ilitei-teoi id the appmumaSe nine at a point having a given 
abscissa does not in general appoueh tin* direction ot the series curve at tin* 
corresponding point. «u imbed, apposudi an> limiting value, as the approxima¬ 
tion is made eto-.ei and clnsei ; aud that the length of any portion of the 
approximate rnme will ti»«t m gmetal uppmach the length of tin' correspond* 
lag port ion ot t he ■.» ii> * cm i r 

AtuthItealU !bm jiiiMlilif • !«. ’ mil.; that till' drmafhe of a fitnction of a 
catmof'm gmria! he *.tt im«d U .iilhueni mi tug term h\ term tin* Fourier’s 
juries which i epi «*•;» nts the tnmlum 


p/f The ;il< a b*‘mi<b 4 X > 1 ^ * * a 
Xand aii> see.ad **< 4 m u< e 'h s-i 

the set l«* i rm e 4 * ' ' ' 1 

tptestioti; and vm. 1 h th* *o 

curve, the ,IXS « I .\ic . , . cd . . 
of X and ii'ornt , t m < j a a, i 1 * s 


< a ornate, ! h« ippleUlliato ettrVtg tin* axis of 
C,,,mh .It iC hui ! the corresponding area of 
, * ,nii »u . i«iar*ui flic ordinates in 

i 0 hi- the cneu ordinate, I lie series 

- 3 e > t f * , .e,d .i line pel p* •mheular to tin* UXH 
. , , i * hi -,u« rum- it the Salter !un a 


dlSCitill limit t l*< ! w i < u t 1 >' * ' - * Os 4 H 'h 1 ' * 1 ’ * ‘ 

.ViMUlKitU C .. n.... M I 'V.! (I.- r-^irl'. >.•!)..-( i-nlT.-HJH.mlittt' 

to urn *.- .... I . 1 . • '* I *' >• • O ,!l ” n-Miltmu '-nr. 

Will v;,t * !.. , . i r. ■ ! 1C If-'H « till’ hlllt-tiull I** 


dtsennt Homim m 1.4. 1 • V i t 

\\ I lll-ll 1 t f * ■ I i *.t I 1 1 

rcpIvnuUns^ t h» , o . ,, . t 

change its iI.m * t. 1 ; -m i, * . 
resit union * Hi* < m . o s - - ^ 
change H i dote. I ! da ';;C ’ . 


wj, 

,, I ^me.t-ci «mm» m * miliumae* a curve 

1 ( , , s> , t ,, H ^ , 1 ^ h, , Miiiur.iHii * ami ^ ill not 

* s ^ ,.i.f ,h;h d Me* turn turn mine in «lis» 

,,,1, r> , ( 1 % .o ,! , ;i hr eoutinuou ^ hut ^ ill 

S s , ,, Wl unn-lihg to the lil wnlltiliuities «d 


the gtlrli tune!lull 
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l>IKFKKKNTlATlON OF FOUlUKlds 8 BULKS. 
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41. In general if we differentiate a Fourier’s Series 

A* j, K 4 " K <‘oh ‘ r + K cos li \s -f h % run 2s -f* * - * 

4*"i Hiii x 4“ 2s 4- e a Hin dx 4 * * • * 

we 

—» /# s Hill s —• L7i s Hill i\r ;i/i a sin ;i,r-* • 

4* f/ i <’* ,H « r + 2*t t eon 2x 4* 2a 2 (‘oh •Ix-f* * • *. 

Piffortmtiatti again and we get 

—« i *4 e§m x —* L lS /# f eon l 1 ,!* — H % $ ihih 2s — « • • 

— f#j sin s — *3#! sin 2s —■ ,Tfi 3 sin 2s — • * • „ 

We see that eurh time we tliilerettf tale we uttilf iply the eoeftieient of ftiu ks 
and of cos ks hy k while tin* term still invelves eon ks or sin ks , 

Hinee the series 

eon s ”|" *‘f ??4 2s -f* ens t\,r 4 * * • * 

*| :«w j f- sill 2s .f- sill lls 4 * * * 

ii not eoitvergetif, uu«l a FiumeF* Set ten nmverges only lieemwe its eoeftteients 

dw* reuse m we ml\anee in the semen, the differentiation of a Fourier’s Series 
nin.4 make it* emivergetier b«nn r.;i|u4 if it «loes in if actually destroy if, and 
repetitious of the |.r*«rm*4 w all n mallv eventually nuke the derived series 
diverge. 

It is to In 1 oldened f li.it tie’ 4«*tnrt! are Fourier*# Series, hut of some* 

what special form, that u the* In i tie’ iMilitant term, {\\ Art. Ilth) 

If now WI 3 Integrate ii fontf S«*f S Sefti^ 

^ if a »| /*, i M-i f • l’« nw 2s 4’" t* % i‘ii|4 II,f + * • • 

4 s M| *nu s | o s mu 2s f* «*, *tu Hr 4* * * • 
m get C 4* .1 Ks 4* K "*» 1 8 Z ■ ’»w *N | ~ A, mn Hr + *•* 


6Trigotmmetrie Series %%hieh mu* erge* more rapidly Ilian tin* given nerieft. 

It u tii Im «deter*i'd t 1 -fh» iti’iirs idciiiiir’fl hy integrating n Fourier’s 
jBeriett m tint in grimi.d ,4 h<tiurf « Hemei owittg to tire jireseiieti of the term 
§ 4 ^* {\\ Art, .’M* 1 

41 We are tm-a srw.U 1 *, ? |hr r^ndifiofu tinder which il function of 

y ean W tlev'ehg.rd a»f^ a fSm ^ r ■» o -i lee-e f* rtn li| term derivative Hindi 

b» eittttll to the dein4ti'>o 44 t Is I ato fnna 
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CONVERGENCE OF EOUlUElfs HERlEH, 


Let the function f(x) satisfy the conditions stated in Art. 37. Thon there 
is one Fourier’s Series and but oik*, which is equal to if. (‘all this series X 
Let the derivative /'(a)* of the, given function also satisfy the conditions 
stated in Art. AT. Then /'(./•) can be expressed as a Fourier's Series. By Art. 
39 (d) the integral of this latter series will he equal to the integral of f\x) } 
that is to f(x) plus a constant, and one integral will be equal to /pr). 

If this integral which is necessarily a Trigonometric Series is a Fourier's 
Series it must be identical with K It will be a Fourier's Series only in case 
the Fourier’s Series for /'(A) lacks the constant term | // 0 . 

But & 0 == - Cf^dx by (3) Art. 30. 

*TT % / 

■ v 

Therefore l 0 = ^ [/(7r) rr)]; 

and will be zero if /(tt) =/(— • rr ). 

In order that f(x) shall satisfy the conditions stated in Art. 37 /{>) while 
satisfying the same conditions must in addition lie finite ami routinuouH 
between x = — tt and x = ir. 

If, then, f(x) is stngh-mlaed, Jinltt\ and cant hi anus, and h*tn a rift/ a finite 
number of maxima and minima, between .r — w and x : : tt, (the valium 
x = *— 7T and tf = 7r being included), and If f(7r) '-J\~*~rr) j\x) can lx* 
developed into a Fourier's Scries whose term by term derivative will be equal 
to the derivative of the function. 

It will be observed that; in this case the periodic curve // =® *V is continuous 
throughout its whole extent. 

43. Since a Fourier’s Integral is a limiting case of a Fourier's Series the 
conclusions stated in this chapter hold, m a tat In mutnndln for a Fourier's 
Integral. 

lor example if a function ol x is finite and single-valued for all values of x 
and has not an infinite number of discontinuities or of maxima and minima in 
the neighborhood of any value of x it will be equal to the Fourier’s Integral 

I <* * 

-f ,/a fm coh a{k — s).ilk 

0 —-419 

and to that Courier’s Integral only, and the integral with respect tu x of this 
Fourier’s Integral will be equal to f'/pflx. 

If in addition f(x) is finite and continuous fur all values of x the derivative 

of the Courier’s Integral with respect to x will \m equal to ^ - A 

dx 

* We shall regularly use the notation f(i) for —^. 


v. Dif. Val Art. 1*24. 



CHAPTER IV. 

SOLUTION OF HloW.KMH IK FIIYHK'H IIY THE AII> OF KOtTIUKlPft 
INTKUUALB ASI> FobUIF,H*8 HKHtKH. 

44, In Art. 7 we have already ronNulereii at w»me length a problem in 

Heat Comlnrf inti whieh r®^|iiir«^! the uh»* nl a Fourier’* Serien. We nhall begin 
the present chapter with a problem elonely uualogmiH in itn treatment to that 
of Art, 7. hot railing b*v the ti*o of a Fourier'* Integral 

Hupjwwte tliiit ehvt tirif \ i*4 tl«o\ mg in a thin plane short of infinite extent 
and that the value of the potential lunettmi in. given for every point in Home 
straight line tit the nhvrt, tr.pured the mine nf the jMJtential function at any 
point of t he filler!, 

Let m take the bur m the a\m of X ami eumhtler at first only thane pointH 
for whieh y it* po**ifn«* 

We have, them to '-att »U f hr 'pmttou 



/♦,;! i 


<0 

subject to the enii*Utions 

I «i w 

Urn y m 

ca 


1 f» i 

y li 

(•'») 

where J\ r % m a gnm 

fun* tour am! 

, to r ;nr 111|| 

n»iirr«ieii with negative 

mines t*l y 

As in Aft 7 «*’ hair 

whieh *utt»fA 1 1 • .m«i 1 V 

f ** Hi ( } r lUlil r ** l‘it* (JJT il*i jwirtil-llliir V»llUi*H i»f J 
, \\ , ii.nnl muUlJ.U t!n*Ul bv • Htwiiutt BlH'tlU’ii'ntH 


amt s« I’Mintone f 1* * * i * i a f » n * fMtndv ,«ti«hln*u |b 

By till Ait X # 


f) * I - ui | r is ee.'i *|, A *< 'a/\. 

V *{ 

Wi» Wliti 111 I ut.K •» | * s 5 I a tirh »tU r editor to (4) when #/asih 

Thin r«|llllen 4 liXi « .*»* !»■•! »»•♦! UOI«'l» U*g« Unity. 



70 


SOLUTION OF PROBLEMS IN PHYSIOS. 


[A ut. 4 L 


Take e- ay cosax and tr** sin ax and multiply tho first by cob ak, and 
the second by sinaA; they are still values of V which satisfy (1). Add 
these and we get 

e- av cos a(A — x) 7 

still a value of V which satisfies (1), no matter what the values of a and X. 
Multiply by f(X)dX and we have 

( r ay f(\) (Jos a(X — x)J\ (ft) 

as a value of V which satisfies (1). 

00 

V— J* tr a vf(\) cos a (A ~ .r).dk ((>) 

"“”00 

is still a solution of (1) since it is the limit of the sum of terms covered by 
the form (5); and finally 

^00 Of! 

p/a er <w/(A) cob a (A — x ) Jk (7) 

0 ' * 

1 

is a solution of (1) as it is - multiplied by the limit of the sum of terms 

formed by multiplying the second member of (t>) by da and giving different 
values to a. 

But (7) must bo our required solution sinee while it satisfies (1) and (2), it 
reduces to (4) when ?/ = () and therefore satisfies condition (d)» 

If f(x) is an even function we can reduce (7) to the form 

V~ ~ Pp^ - ft ^/’(X) eos ax eos aXa/X (H) 

0 0 

and if /(as) is an odd futmtion to the form 

*» 

V—-^j'daj't'~*>'f(\) sin a./’win aK.dk. (0) 

I) 0 

C0 j (^)j an( l (*0 ai ' e valid only for positive values of ij % but as the problem is 
obviously symmetrical with respect to the axis of X (7), («). and (i>) enabhi 
us to get the value of the potential function at any point of the plane* 

EXAMPLES. 

1. Obtain forms (8). and (9) directly by the aid of (ft) am! pH Art. :tt. 

2 . State a problem in statical electricity of which the solution given in 
Art. 44 is the solution. 



CnAP. IV.] FLOW OF ELFOTIUOiTY IN AN INFINITE PLANE, 
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45. As a special (Mist*. under Art. 44 let us consider the problem: — To find 
tlie value of the potential t unction at any point of a thin plane sheet of infinite 
extent where all points of a given lino whioh lie to the left of the origin are 
kept at potential zero, and all points whieh lit* to the right of the origin are 
kept at potential unity. 

Hen* /(.r)-~0 if x<0 and J\x) 4= 1 if ,r> 0. 

^7) Art. 44 gives ns the required solution. It is 



u u 


**coh a{k — x)Jk; 


(i) 


hut this ean be mueli simplified. 

We have 

»• m 

I /* f % 

V^ I tik I a(k-~x)jia* 

% » 

Now /' 

It 

If «>(>. (Ini. <*»l. Art. H'J, Kx. H.> 

/ %# i Y 

Hence I »’ ***'**'•* «iA — xl.tia ‘ *— ~z> 

J if f {A — X) 1 


anti 


and eoitsetfiietfily 


Since 


1 a 

iftik 


1 


f 1 A - 

-- X J J 

7 T 

n 




tilll 

•') 

.V' 

efts \ 


1 / IT 

i I.ilt 

S’ f \ 

^ l -= 

L 


W * » 




lotf i r 

4 </■» 

1**14 ^ ■*'' 


'4 

7T VJ I// 


I t y 

tun 1 . 

7T X 


( 2 ) 


X 


[fni (*iii. Art. :t:i dJ 

• i. 

1 l-K 


i ^ log v 1 

if } >fi ) 

7T 

W 

anti 1 - tun s ^ 

and 

- I* 

W * 


Jw 

Hal Arts, P«HI and - 

I«1 i 

i t« tu'v 


<» ! */*’ i • ' ,y* 1"« i-r 3 -i- y'> -4-» (5 — ~ tan” 1 -) 

mW \ W X f 


I, ■ . <w 1 "« * rl + .*0 


in a solution of fl»r 


/'. t 4 


0 ) 

0*> 
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SOLUTION <»!■' rnoHLKMS IN I’HV.sKVS. 


[Aht. 45, 


and the curves 




<*) 


and 


- 7 T 


log (J' J f 


(fi) 


cut each other at right angles. 

If we construct tin* curves obtained b\ gi\ iitg different uihivs to a in p*,) wti 
get a set of eqitipotcnthtl tines for the conduct un; sln-H *!**><! jIhmI .it the begin, 
ning of this article, and tin* curves obtained Ux gi\ irni diib imi \ alura to in 
(6) will bo the titles o/Jfoie, 

Moreover since .. I . . , 

b |ni '' r ? y 1 (d) 


is a solution of Laplace's Kquution <1», it * iar. id th<w pi a tucutionrd will he 
equipotential lines for a certain distribute 1 *! *4 potm!sal, tor whwh the eqttb 
potential lines above mentioned nil! be line-* *»t flow. 

F=a, that is 


> /» 
w yj 


fan 


1 1 ) 1 «. 

7/ 


(<’•> 


reduces to y >• tan ••tt . 

If now we give to// values diHerim; U a . ,.i, .t.inf .n.iniml «,■ i; ,-t ,i art uf 
straight lines radiating from flu* origin ami at ( tt .l aueulai mm iala, 

}\ =/>, that in 


log 


ir w • ‘v a. («) 

reduces to 

e } r . '*■ (K) 

If we give to h It Hef. of values ililJeiiOf' |,\ a enimf.iof aimaint er get a Net. 
of circles whom* centres are at the origin ami « 1 ..... i.,.lu g,-,.n,.-incal 

progression. They are the equipoteutml il,,,, j,,, , ,.j 

ext<>nt where the potential luiietion e, he|U . .ju.o ,j>n, i.„j ...o.taiit 

values on the eneiuiiforeures o| two gi\en *■ •»j, i e: , . ,, ; s., jli;m, 

a lb** »>1. ■ n. , .1 n«I |mi fInn 

f„j f 1 i* • lift* , * U» I Ills-') 8 «f fllitt, 
aiid j «* I IIjj- * < *.; i; -' < f ■ * | a * I i< *u 

Mm linin' es.« tb* » -pnp^frtilul 

.us<I bin m| fb'%* !m! * if! * * - r *»\v 

frill, I mi! njiH J» ‘i j.o'-mf r, $ «, .ihlrn uf */, 
Ilir I uni]»lrf 1 inner 1 m . ! J»«* of .V 

a h .111 ,t\ i ■» s 4 . *, »» •, 
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EXAMPLES. 


1 . Solvo tin* problem of Art.. 41 for tin* case, whoro 

J\x) = — 1 it’ x < 0 and /(.r) = t if x > 0. 


Am., F= — tan -1 - • 

7 T y 


2. Solves tin* problem of Art. 44 for the <*aso whom 

J\x) — u if x <C 0 and f(x) = h if x^>(). 


Am. , J " •= i (tt + //) -f* i- (j f — (i) tan -1 - . 

7F y 


X Koduoo (7), (S), and (9) Art. 44 to tho forma 

. 1 r ^ 

7 r*\ if t” (A — x)* f 

t 7! j | lf i ^ ^ _ v jfl -j- (A + x )'J 9 

^ 7r,f ^ ^ _,/* + |A — xf // u + (A f- .r) J ? 

roapeet ivoly. 

4d, An oNprriaily httemdlitg rani* of Art. 4f m the* following whore 
f {h r) 0 if x • * .- I , J\ r * I it — I * * x < I * and f(x) =*(> if .r > 1. 

Her /■ M t;in ' * ■ * ~ tan 1 1 . (1] 

•n l if if J 


Now “■* log 111 

TT 


1 tn^hl — r vi I i | - ^ l< tg ('// + (1 —* * r ) * 

7T ‘ ?r 


—- log j i 1 — x A v* | f" tan 1 f 

2lf 1 ‘ 1 7T // 


; log J « - l * - ‘ u ] '' - ^ log | * - t — r - //# o’ | *** ■- log f> C1 + ^dl] 


lor ! > I < * *' b y j } fan 


I l .. I . 1 

""log , t| b«r | 

IT I — • JfT » 1 


||* | „ ! | *' I -w- J* 

I tan 1 ” }* tan 1 ■■.— . 

«r 77 L y y J 
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SOLUTION OF PUOBLHMH IN PHYSICS. 


( Aut. 41 


Hence 


~ /tair 
7r \ 


>!±£ + t»» 11 -- 
// /' 


\ , i i <i f */* 

/ an<i O " II 1 I a 

/ Jtt (I } ,rr f i/ J 


are conjugate, fu7ictiot^f * and 

' (tan 11 ^ 

is any equipotential line, ami 


t I r- 
- tan 1 

tj ' ;/ * 


1 lo« ,! ■ r,M - vl A 

2 ir f! 1 •<•>* i >/ 


( 2 ) 


(••!) 


any line of flow for tlio system di'M-rilwiI at the U';;utmm{ thn iirtii-la; uml 

1 (1 -mM 

f i- I'M 


is the solution of anew jirohlom fur whu-h i.'it n>jtrr»i't»t» mn 
line and ( 2 ) any lino of flow. 


* The function conjugate to 


I 

w 


tan 1 


1 4 / 

1/ 


f t,iu 



might have been found m follows. If # k flir m «jui»r«! fun- n >n sod * thr ^i% #-n futn-tMi we 
have by Int. Cal. Arts. 211, 212, mul ‘iUI tlio u\niu*m 

/>,$ and t\*fr $* * 


Here 


and 




- th f 


i r i * , # t 

w | {i ♦ n J * r tt ir 

i f * 

» Lit * f( f i :,r it .?r 


r 

# r 


* jp 


If now we integrate D v f with nw|*'t*f e« / (trains !/ *w».» * and add mi artiitnry 

function of y we shall have H«» that 

0 ’ | N If 1 1 « 0 # 1 r j h»g H -n* * :r j • Hj/t 

/u. if" v v I . "'>> 

1 LJ l 4 /|M ir 1 u ii' * >• | fy 

Comparing this with it* equal -■/>,* atmtu *«i imd ,f#s - n * t(1 i c 4 *<m%UM 

% 

therefore * l*«|^ ^llJL 1 » < 

•Jr 1 s ft t /p 4 „• 

where C may be taken at plenums I* «mr frsftstrrd , unmgatr twu<*n 
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(2) reduces to 


or 

x a 4 “ (//— et.n C 7 r) ,j = 

= v^aTT ; 

(<9 

and (.’{) to 

(M™ 4 . 1 
44 . 44 . o ' J 

‘ “T ./ r - _ j 

,/• 4" i ~ o 


or 

\ r +rs;) + r~ 

/**” + (• b *\* 

V'* — r hTr ) 1 


or 

(x 4“ etnh hir)' 1 4' t/ 2 

::.-r VHiAr/jTT, 

(6) 


(f>) and ((>) arc circles. The circles (f>) have their centres in the axis of F, 
and pass through the points (—* 1,0) and (1,0); and the circles (C>) have', their 
centres in tin* axis of A*. 

(4) is the complete solution, (b) is any equipotential line and (, r >) any line of 
flow for a plane sheet in which the points in the circumferences of two given 
circles whose cent res are further apart than the sum of their radii are kept at 
different constant potentials, or where a source and a sink of equal intensity 
are placed at t lie points (»■*“ 1,0) and (1,0). An important practical ex¬ 
ample is where two wires connected with the poles of a buttery an* placed 
with their fret* ends in contact with a thin plane sheet of conducting material. 
The figure shows tin* equipotentiul lines and lines of flow of either system. 

Tin* complete figure would have the axis of A* for an axis of symmetry. 



EXAMPLES. 

t. Show that if j\x I u x when x * ' ’•/», j\x ) 
f{x) s= if i when x \ J * h , 

.* e, j »♦, , 1 r . /» + x 

I — — #l t" (fij — « t I tan ' I c« a 

- w l a 
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2. Show that if /(*)=« if .<■<»./<•'•» "> 11 0 ' ' •*'< A « > A'> ^ >h if 

l i <x<h, /(*) = «» if 

F=ir« 1 tan" 1 *+(« l -" S ) tl »‘ '^ ‘ ’ 

7T L 

} I*', -f.M.UI 1 ‘ I-I 


3. Show that if f{r) 
/(»■)=! if r> 1, 


I, /i.fl .r if ■■■■"- 1 - .r<l ? 


F=-f(l+x) 

7T L 


1 4- .I 1 , 1 , i i 

tan" 1 — -(l--^ltan i '* " 1 ’ . 1 i 

>J ' it 


4. Show that if /(*) - 1 

f(x) = 1 if *>1» 

r 1 


if / •• 1 . 1 11 il 

i l .1 


yn 

• r • 1 } >i l J' 


1 * ■- < l, 


iitii 


v 


Show that the oquipotontial line* are h\|.e«l«»hi* pacing through 

the points (-1,0) ami (1,0), and flint the W’* fh*« a*-’ (Wmtuti ovals 

having (— 1, 0 ) and (1,0) m foci. The hue* *»f ltm% Mr r»|ifi|n»triitiiil lines 
and the equipotentiul linen are linen «*i fl«»» i«»i th** e**.nr a hnr I In'* points 
i f ()) and (1, 0) are kept at the same ittfmtir pnii-siii.il, «n when* \er> ^nuill 
ovals surrounding these jKiinta are kept nl the name hint*’ p**trutnd. I lie ease 
is approximately that of a pair of *ire* **i»nnrrti-it with tin- ^nue pole of a 
battery whose other pole is grounded, and then pUml m ills ihrtt end* in r«»tn 
tact with a thin plane conducting sheet, 

5. Show that if /<» t> if ✓ • ft, /, ( i 1 il «» * r * - •». /■'» '« 
if a < # < £, and /or) - I if * 


1 "V 


tt r o r * 

tmc 1 tali 1 tan 

f i/ v 


The conjugate funetion 


t* i w* 


v **it »ff •»' 

2t 5 i#l rr d v # ’( * ’>* * v* \ 


is the solution for the ease where a »ink and fan »»f »•»pul intensity lie 

on the axis of A\ the sink at the origin and t he ,it ihr dod.it tiers a and 

b to the right of the origin, One of the hoe* *4 fimi ? » r.i-ah ’>ert» t« U* fin" 
circle 0 + // = ah , 


47. If the plane conducting sheet h&* Hm Fifratght at light alight 

with each other and one is kept nt fnit-rntinl while t Ur %aluo *4 lli«? jaiieii 
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tial function is given at each point of the second, that is if V— 0 when 
x = 0 and J == ./(•*■) when // ~ 0, the solution is readily obtained. It is 


r ^/(A) 


sin «cT sin akulX . 


v. (9) Art. 44. 

This reduces to 




It i t 

(A-jr) a /+(X + ;)^ 


v. Ex. 5 Art. 45. 


EXAMPLES. 


1. If E — 0 when // 0 and E — /»’(//) when .r = 0 show that 


2 /• r 

T— ^ | dn I r »■* E(A) sin at/ sin ak.ttX 


1 (V(A)</A , 

7 rj * .H 


a '4’ IA “ //)’ J .A 1 4“ (A 4“ //E 


2* II I when // 0 and E — /*’(//) when .r = 0 show that 


U\/H 


;i i | ( A -™ .r)' 1 (A + 


i /'(A) (, 


>r 'i ^ ^ //)*/ 


«L If /'*(//) ■ ■ A fin' mailt of Kx. 2 reduees to 


V “ A ta« 1 1> 


7r .r 7T. 


M *""* 


,a 4’ (A ■*" s)' J // J 4- (A 


// 

A + .rE M 


4. If F {;/1 1 for 0 *■■■ //< I and /4//I—0 for //> I while /(.r) ~ I 

for 0<.r* ;j and /En u for ,r > 1 


r J ... • 


■tan 1 - " «•- 4 s - tan 1 


+ fan 1 * ^ — tan 1 ^ ^ + - tan 1 J 

J * .r #/ w 
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SOLUTION OK fltOtil.K.MS IN fHVHtCH, 


[Akt. 48, 


5 If one edge of the conducting nhwt treated in Art, 47 is insulated, m, that 

D r=0 if * = « «m<l V =X x) Wh '‘" " ° 


rr_." f,/ a ('• ••'/(A) 1 ’im ax run nA.</A 
irj J 

tl « 


U , V 

f \ (A f x> ! f f «A- x t 


'1 


(1 

48 If the conducting sheet is n lung strip «ttl. parallel edges one of which 
is at potential zero while the value of the potential tunetnu. i« given at all 
points of the other, that, is if I* <• ««•••« -/ ** and V l‘\x< when 
,/ = /; the problem is not a very dilheuit one, 

' Since we arc no long" eoueerue.i with the ... f when 

jr = e ay a j n ax and Y = t** e<m ax nr*' jiviuhiltl*’ m fiiiiiiniliir nuliitum* tif the 

equation 

!>;V | /V 1 11 

as well as F= ir** mi ax amt Y - *• * p ****** ax , 


(!) 


t*v + r ** , * 

Consequently — : «*J HISI11 r 


} liil «\il Art. 4'I (2i 


Hiii ar ■ ^11»li tit# ?*ift ax I lid <‘at Art. 4*1 1! t J 


and 

aiul cosh <ty eon rM* amt mii!i tit# **«»« n,r 

are now available values of Famt eat* l»e |»reemelt m # and 

(>r av m\ ax are used in Art. 44. 

Following the same euurse m m Ait II *e get 


„ I 1 * Asiifi in# , 

7tJ J sin!* m 


(2) 


I rn*» ill 4 * i s!\ 

as a solution of (1) whieh will red are t« Y ■ b\x\ wlim y . . A 

and to F=0 when ?# o, aiirr %iiiii «* - f it, 

and (2) is therefore our required wilutmii 

If V is to be equal tci zero whet* y ~ : h an4 l*» h * * »Smn */ '■ tl we have 
only to replace y by h — y ami i*\ ,r§ If /Vi in Wr 


r t /wiltt «<A ft , 4 4 *, 

d ,l V .,«!,«» “ M - 


b'ii 
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If V =/<X) when y — 0 and V — l<\x) when y = l> then 

1 ' = ij ,/a J S1U /(X) 1,08 “ *> dx 

+ U </a f Hinh Z vm a ( X ~ :r) - fIX ■ 

(I * 

Thin can be considerably simplified by the aid of the formula 

/'Kinh jhv 
J sit 


am 


prr 


cos rr dr — ^ 7 

shill (fX 2(t p 7T C7T 

cos • + cosh — 

'/ ( I 


if // i <<y*. [ Bicrcns tic llaan, Tahiti of I>ef. hit (7) 205] and becomes 

.._ .. dk 

7T(h — I/) 

COS 1 


1 . 7T 

I-,, HUl Y' 


{!>—>/} (j(\) . . 

TT(h — y) 7T 

. -j- eosli • •• (A — x) 


1 Hin ^ 


2A 


fc 


A 

f/A 


or 


7r// t .7r . 

•on —H euwh y (A. — *r) 


A ’ .. A 




cosh ^ (A -- ad — cos ^ cosh ~ (A ~ x) + cos ~ 

KX AMI’LKH. 


,}'*• (f») 


L (tiven tin* formula 


i , f* , “.— tan 1 .■, — fiiuh if A> « , 

J tt \ U cosh x y/,<; \ \A + u 2/ 


show that if B— 1 when // 0 mid B ” 0 when // = A (A — y). 


2. Show that if B 0 w hen // A t B 


1 when y = 0 and 


!> ~ » 

inut 

jr > o 


*# 


— taiih 

wx 

2/7' 

B— “ 

tan 1 

. 

" • •» 

t r 


L tun 

7T// , 




2 A 


The solution for tin* enttjugat** system, that is, for a strip having a source at 

(0.0) and an infinitely distant sink m 


1 




1 . ... I __I. 




tl wx 
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SOLUTION OF lMtOBLHMS IN l’lIYSIOS. 


[ Ait r. •!«. 


3. Show tliat if V=~l when // = <> and •'•<<>, /*=* I when //-II 
and x>0, r=-l when '/ — (> and ,r < 0, and I when 

y = b and xX), 

y—1 (*«» 5 e - ■'/) toh 5)+ 1 Un 1 ( tul ‘ h •" 1 auh 1) 



The solution for the eonjugate system, that, in, for a strip having a suture and a 
sink at the points (0, 0) and (0, h) is 


, 7 rx 

r ,wh t r 


4. If F=0 when x “ 0, r=-J\x) when // O anti x ’ * 0, and F 0 
when y = /; and ;r>0, 


.50 50 

F= ~ p/a C [com a(A — x) — cos «(A + .<0 j/(AU/A 

7r./ :/ sinli ah 

0 o 


2b 


sm 


?/[ 


cosh ■ 




■ eoH 


Try 


cash y fA 


| ,M 


»’«IN 


Try/ 

// 


I/Up/a 


for positive values of x and for values of // beiwetrn O and t*. 

5. If F t = 0 when ,r = 0, J\:A pr) when // A and a *0, and 
F L = 0 when // = 0 and a* > 0 


Vs 


2b 


. mi 


tS[ 


cosh j (X ■ 


• x) 4”* eus 


Try 


. TT 

msh i A 
h 


1 •'*» f 


17 */ 
/# 


/A A n/A 


for positive valii(‘S of x and values of // between 0 and A. 

6. If F 2 = 0 wluni x = 0, J], f(x) when // t) and r * 0» and 

F 2 = F(x) when // = /> and ./• > 0 


Fa=F-|- F ( lor .r >■ 0 and 0 *'.-*//• A . < v, Kvx 1 and 7 m 

7. If one edge of the strip deseribed in Art. 48 is insulated so that we have 
V=f(x) when »/ = () and /y'=0 when // h niu.w that. 


V= X -(daC^ a S!!-J) 

ttJ J cosh ah 

0 


/(A) eon «(A — x)Ak. 




Chap. IV.J 


FLOW OF H FAT IN ONK 1)1 RKCTION. 


81 


By the aid of the formula 


. V7T p7T 

, <*.08ll rr- <508 ~ 

px 7 r 2<y 2rr 

I —. 7 — (*o 8 rx.ax = - ..- 1 --. 7 - 

J <‘()8h qx q p w r7r 

0 (508 4- (508ll - 

q q 


it p< 7 , 


[Bierens do I bum, Dof. I at. Tables ((>) 2(>r>], 

rt5(lll<50 this to 

1 * /(A) <* 08 ll nr (A —- x) 

l = y Hill j ^ * —-f/\. 

, cosh ^ (A — x) —■ <5os ~ 

8. If F — 0 when // 0 or A and .r <-~ F=- I when // = () or A 

and — tt s <* tr * and / ■0 whoa y —o or A and x^>a 


7T(<t „r) 


7T(^ +.r) 


7r U . tt.V . 7H/ J 

HUi /« sin 

A A 

9, If / -■■■■‘ll whoa // 0 or A and F — I when y==0 and 

— a * \x * *, tt > T 0 whoa // 0 or 4 and x^> a y and F==—1 when 

tj -*= A and '* * x * " a 

ir t.mh ,n ";- r> timh Tr (' r S* ,r ) 

V tan * -•—_ | tan 1 -i-1. 

W L , 7rp 7 TtJ J 

tan —« tan /■ 

h h 

Id. A system pon jnnato to I hat of Lx, 9 is F~~“ J y, when //rrs{) or A 
and a* — n t I' ttl»pit // 0 or A and ./• */, In this ease 

* * *7/ i * , .. 'Wt ** — a* I 

* sin - f .Hsnlr 

F— In# 1 -i™, . 

| ‘ r> 

(* h 


49. lad us fake now a problem in tin* flow of heat. Suppose wo have an 
infinite solid in \\ hiel* In*.if flows only in one direetion* and that at the start the 
temperature of rarh point id the solid in ^iven. Let it be required to find the 
temperature of an> point of the solid at the end of the time /, 

Here we have to solve the equation 

t>,u .(1) 

[ V. Art. f (HI J suhjeef fn | he roiulif |n|i 

U x i when / « 0. (2) 


i# 
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SOLUTION OF PROBLEMS IN PHYSIOS. 


[ A«t. 40. 

As the equation (1) is linear with constant eoHHrionfs we ran got a partieu 
lar solution by the device used in Arts. 7 and S, 

Let uz=zeP t+ax and substitute in (1). We got 

ft i;;::, <ra 2 

as the only relation which need hold bet worn ft and a. 

Hence u = v at f - § MUli r“ ? 

is a solution of (1) no matter wlrnt value is given t«» «, 

To get a trigonometric form replaee a by al. 

Then u zi, r 

If in (8) we replace a by — a l we get 

it f' "Wt <* ii 

As in Arts. 7 and 8 we get from these values 

w = c sin a.r ami w r ms n.r 
as particular solutions of (l) t a being whoih univstueimi. 

'From these values we wish to buihl up a uihiv «.( ,, %% hi.-h shall reduce to 
/(.r) when f = 0 and shall still be a solution of i! u 


We have /(.r) = * ( ( { n // f Afros «<a ■ ■ .r i */A 

ttJ J 
<* * 

V. Art. 32 (3), and by proceeding an in Art. 11 g,-» 

7TV 


> ./(Al com «(A n.,ix 


(ii 


C‘> 


as our required value of u. 

This can be considerably simplified. 
Changing the order of integration 



«= 1 f/Un/A /* «,a ,» 

w*' 

, .* tl 

m 


o'*> 

by the formula 

f f oiiH'djA *- 1 

0 \ t 

* , ,» 

( 71 


m 

f Hhx.itx , Z 

f Int, < Al Art. PS 

i'-’iJ 

Hence 



( 8 } 
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Lot now 
then 
and 


fi: 


2a\ff ’ 

X = x + 1 lasff.fr 


v = ^J/(.r + , 'i»'Tt.0)rPdp. 


( 9 ) 


KXAMI’LKS. 


1. Let the solid bo of infinite extent and lot the temperature be equal to a 
constant r at the time t ~ 0, 


Then 

y*rr*' 

■*» 

V. lilt. Cal. Art;. t>2 (2). 

2. Let 

uzzz.r when f = (b 

Them 

i /• 

«h Let 

u sea y x when /ssO, 

Then 

tt 

4. I 

«=() if x < — h, it 

when / ~ 

:0. 

Than 

h r 

V 

a*»v’i 

’ (V */#- 

'irJ yV L*2a«Jt 

«. h, LS 

r». Let 

»*0 i 

it sa 0 if x < 0 ami it 


h* + Whr* h % + 1 W.r % + Bkr* 




Then 




% 

ff/ e " 


'"'""vlC/" m «+\ 


u |.. 1 r • r * „ + _ * r ‘_^ +•••!. 

\/tt Lih*y^ *t,| 1 J 

<1 An imn stab 10 e, m. thick h plared k*tween and in contact with two 
very thick iron si aim, The initial temjw*mture of the middle slab is 100°, and 
nf oaoh of the miter slabs ff, Required the temperature of a |M>int in the 
middle of the inner slab fifteen minutes after the slabs have been put together. 
Given i# 3 k (USA in (*,(*.8, units. A tut., 21°.G. 
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SOLUTION OK I'ljoiiLLMS |\ fHVMcs. 


[A«T. 50. 


7. Two very thick iron stale. mu* <>l w hi.-h i, ,ii ih,- tciii|H>r;itttri* 0 ” :ll „] t v 

other at tho temperature 100 ' t liioiiohuul ,»i.- pL. i. j ai , ( , j, ® 

Find tho temperature of each sl.ili In.-, m Imm ih.or r," 
minutes .alter they have heen phic-d t.. k< iI n-i j„ Vi 

'* * *■'*' *<*« 

8. Find a particular solution of ms th,- *\ * 

,, ,* , .* , umt it 

is nl the iorm it — LA who tv / m 4 fuin t mu m| t an»| ,\ H 

of ;r alone. 


50. If our solid bun one plane f.irr « Im-h m I 4 # * | » 1 f} p% rfiiiHtaiit t M 

perature jam and we ntart with am m<mi ?» 4 ,,. 4 , M j i SIMf| f p ff 
somewhat modified. 

Take the origin of coordinates in tin- plan. 
tho equation 

/V* ’*7v», 

but our conditions are 

If-’ 0 will"II , II 


man ih 

I h* n w *1 | 4ilU . m | H q nm 

(1) 


a ' fi 1 1 


and we are concerned only wiili jmmtne 1 , .%Uu-% « f j 
We may then two the forui <I* \n ;t? 

1* ,* #* 

/«" rf w I **** ,lr 51 1s | 

and proceeding an in the hen *«•«•! ton nr hy t 

* h 

l* 

11 " ' m 1 '*** I r U mn *m on 4 i ,/A 

as our required solution. Tim* hlo ,H, ;} ,hdih. 

j ► * 

i «-* - ** < ^ i <>)■/«, 

i l 

* 

0r " ' 1 {•■,'<' . h /A 

L'.ty wfr/ 

by (7) Art. 4it, iimi thi* mat i„. j,-,j 15 ., , , 

— m /i' + -Hr <*>"<! I - . r .} :• y f il.tf, 

* * 

. *»/• 




(?) 


(4) 


( 6 ) 


( 6 ) 


('J 


I % 4 Mi I ) •• 

1 » Let the initial teitijirriittirr i»- *'mm! .m! 
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Then 




U* 


r, <*v« 

VW 

0 

_.. > r *»* _ ^.. ^ ** i .. 

yV L*J#iy7 d.(2o\fy) a <VJ !(lFf\//} 6 7.0 !(2a\// ) 7 

2. Assuming I hat Ibe earth wan originally at the temperature 7000° Fahren- 
licit throughout, anti that the nurture was kept, at the constant temperature 0“ t 
find (1) the temperature 10 miles he low the surface 10 ,000,000 years after the 
cooling begun; (2) the temperature 1 mile hr low the surface at the same 
epoch; (0) the temperature 10 miles below the surface 100,000,000 years after 
the cooling begun ; ill tin* temperature 1 mile below the surface at the same 
eporh; (A) the rate at which the temperature was increasing with the distance 
from the surface at earh point at eaeh eporh. 

Negleet the cnnvexiU of the earth's surfuer and take Sir Wm. Thomson's 
value of ti’ 1 plot!i tin* foot, the Fahrenheit degree, ami the year bring taken as 
units. (ThouiHou ami TmtN Nat. Flub Yul, 11. Appendix.) 

(l t :tm *; <2i XOF.A; <;i> lOdlF; c4 > HhT; (A) P for every 20 feet, .r 
for (‘Very A0 feet, F’ lor e\ er\ AO feet, F’ for every A0 feet. 

0 , Lot the initial temperature he eoiihtant and equal to —-A, then by Ex. t 


&JV f 



4 , lad flic temperature of the plane fare he h instead of zero, ami let the 
initial tempera!are lie zero. 

Then we ha\e tmh to add A to the second member of the solution in Ex. 0, 

as we tuny since a ■ U in a ^olitfmii ot tit Art. 10 , and we get 


i# 



\ w. 


*v/i). 


A. Ltd. ii b when .r o ami when /-0. 

Then 

* 3 ,,,i A * *•/ 

II -1^1 j * ) F ^ ^ ^ — *• 

h\ lift Art, Att, 
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[Ala*. 51, 


6. Let u = b when # = 0 and u r,^ r when t • 0. 


Then 


U = b »j- (r ~ h) 



7. If the earth has been cooling for 200,000,000 \ears frntn a uniform tom 
perature, prove that the rate of cooling is greatest at a depth of about 7(5 
miles, and that at a depth of about l.'IO miles the rate of muling law rearhed 
its maximum value for all time. Let o' 1 loo. 

8. Show that if the plant? faee of tin* solid eonsidered in Art. AO instead of 
being kept at temperature zero is impervious to boat 





e 


u . * 


" l5f !i/A , 


V. (t*) Art. oil 


51. If the temperature of the plane faee of the .solid defended in Art. 50 
is a given function of the time and the initial temperature is ;»«m, the solution 
of the problem can be obtained by a very ingenious method dm* to Uiemanm 
Here we have to solve tin* equation 

/), a ■ - it* f y* li Oj 

subject to the conditions 

It sss /*(/) when j- o . 

it = 0 •* t 0,1 ' 

We know that 


*»* i 

u ■, * I #■ 

VW 

is a solution of (l), v. Lx. 1 Art. 50. It is eusih shown that 


/' 



•whero « is any constant, is a solution ,»t , j, 
For 


(•' 


I) u=z— * x i 

,w “ 


if 

*nhi 


t't'Jir 


i'—'l * 


D.u 


\fir 2u)/t — r 


*9 


Dht.-. 


1 


fcl’- I 


\V 2n^t — (• *1 Il"\t — r) 

/>,» S3 


„ * ( »•_ _ 

«« ■ J * /* * * *** » *> 

— 1 -' {r — e 1 f * 

I'oSw ' 


and 




Chap. I\ •] TEMPERATURE OF FACE A FUNCTION OF THE TIME. 


87 


L(‘t 0 be & function of x and i which shall bo equal to zero if t is 
negative and shall be equal to 

.»• 



if t is equal to or greater than zero; ho that if x = 0 <f>(x,t) = 1 and if 
/ = 0 <£(./•, t) ^0. 

\V<‘ shall now attack the following problem, to solve equation (1) subject to 
the conditions 

// = <> if / SSS 0 

a = /'l°) 11 a* r=s 0 and 0 < t < r 
n = F { hr) “ x = 0 « kr<t< (k + t ) T , 

O r,/ 1: b m£ \ ^ l * 

where k is any whole munher and t is any aYmtrarity interval of time. 

If we form the value 


" ~ l '\ 0)[>(>* f - kr) - 4>(.r, f-(k + 1) T )] (4) 

it will satisfy equation (1 ) since zero, unity and 




Sir 

r f> "V/? 

wJ 


are values of // which satisfy (I). » will he zero if f<fo by the definition 

of the ftmefion fas, /); if /a() ^a0 if *>(A*+1;t and u^I\kr) if 
At <_ C t { k "f- I lr. 


Therefore 


u " ^ ^ t/‘ r H $b r » * At) —* $ — (A; -f* l)r)[] (!>) 

i it 

in the solution «»! the problem stated above. 

(o) can 1 h< simplified somewhat from tin* consideration that fora given value 

ait At* ii if Ar > ib If, then, nr is the greatest whole multiple 

of r not exceeding t, 

* ->« 

« V - kr) - <gx, <'-(/.• + l)r)]. (fi) 

I - it 

It now we decrease r indefinitely the limiting form of (fl) will bo the solu¬ 
tion of the problem stated at the heginuing of this article. 

(hj may lie written 

« « V l<\kr) -d±JMj r ( 7 ) 
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SOLUTION OF ntOIlLKMH IN' 1‘HYSIC.S. 


[Allt. r>i. 


and if t is indefinitely decreased the limiting term of (7) ia 


)-/A. 


Since t — A is positive between the limits of integration 


*■» ' • A 

A) =1 “ fe "V/i, 

V7T*' 


— A); 




and (8) may be written 


<*»?« t A* » **' ■' #4 

!* —A) * f/A, 


or if we let 


2a V7 — A 




KXAMPI.F.S. 


1. If ?r = n< when •/■•-=:() and it n when /*s0 


«*»(' + ,I - “ jfV“<"•/// I HeU r~&- 

\ 'L VTT./ J 

(2. A thick iron slab is at the temperature zero throm-hmit, one of if* plane 
faces is then kept at the temperature !«K»- Centigrade ,h„„ at 

the temperature zero for tin- next n minute*, then at the temp,nature KMf f„ r 
the next 5 minutes, and then at the tem 1M uature <„ m . 

perature ofhi point in the slab fi e.m. from the lae.- „t the expirai.ou of IS 
minutes. Given; « s =.18.'5. , 

10 ,!» 

3. If W = A(#) when r = o ami « /,r) , (( , t , M .„ 




i/iAa/A 


v. (6) Art. 50 . 
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4. If in Art.. (UI) l\t) iH a periodic, function of tho. time of period T it can 
bo expressed by a Fourier's series of tho form 

J m 00 

/f V) = o l 'o + X [ ""• siu wat + K ccw mat], where a = —, 

m I T 

1 * H '* 

I'XO — t'a+X Pm Hill (»/«/ + XJ, 


or 


m l 


wher( ' Pm (,<1 * X m a m and p m m\X m = /, m . v. Art. 31 Ex. 3. 

Show that with tins value of /<’(/) (10) Art, IH becomes 

t* m 

" = vlr ^ + Ir S [ Hhl ( wa/ + f^ con dfi 

■t y m ~~ I *“ ?/ ^ <l P 




and that an t inereases it approaehes the valuo 

I 


■ cos (mat + xj /rf«-| 

*/ 4w P a J 

JlnV' | 


" u />* '■ « ^7 (wa/ — " yj”“ l + A w ) . 

iri”-1 *■' 

(liven that 

j r * Hhl ■ .f ' r *' r «inW2; f, * cos * dx = ^ c-^cob 4 V2. 

0 ^ il *** ** 

v. Riniitum % /An. /tnr, tit/, tjl, § 54. 

r>. If we an* dealing with a bar of small eross-section where the heat not 
only flows ulon^ the bar but at. tin* same time escapes at the surface of the 
bar into air at the temperature zero we have to solve the differential 
equation 

— #*« * v. Fourier, Heat § 105. 

Show that for thin nine 

u r , .»>«*»fi H j n ajt mu i u _ f m ¥ »w\i vm ax 

ara particular solutions, ami flint if u ^j\x) when / = () 
ft? ' X lA o 


“ ■-.J' - 


' - (r m /(^ + 2tiVt0)d0. 

ywJ 


ef. (fc) ami (0) Art. 45*. 
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SOLUTION ON I’KOBLKMS IN I'llVMC*. 


| Au r. 


If M = 0 when a! = 0 and ><=JV) when / " 


, = /( * + 2aslt.fi),Ifi f '”/> !• ■ 

jz LJ 


cf. (7) Art. 50. 

If u = ->r-,: when f = 0 and a «» when r o 


■*' % 

j~,7r|V '' ,v ' 1 fh ’ :tfi ■ -■ ’.J 


and if u = l when .r = 0 and » <> « h-n t <> u.. h.,vr >.nh to 

g-7 to the second member of the last e.jn.ttfit. mil-.* « * .. ^UMies 

equation 

/>, ft r-.~ ti'*!*? ^ w * 


K when -r~0 and « » "h.-it t " w-> .-.tn employ 

method of Art. 51. 


,. . 1 f 1,1 C • * ! 

t — A) == e «T^ t' n I tT 


. 


■<-i I A < ; 


)t = , I 1 f “ AI 




cf. (9) Art. 51, 




cf. (10) Art. 5L 

If F(t) is periodic and hits the vulu** m lA I, 'Am* that !!?»’ 

approached by u m t inermsoH in 


l t hr , I . § 

" = ( J K * r « T p m '* u * M1I | wiif 
*»-1 

where $ = (//■* + sjh* m l d l )i uiu! </ * 
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AN(i ST ROM’s M RT11OL). 


(liven 


and 

where 


r 



«* 

j* dr : 





. a l3 ~ 


ut t //* 

7«hiu • 


d.r 



• - <>:~ 2, \sin 2d 

\7T 

, f ,-2t C(m 2d , 


y^J 


(« a + S^* + C)4 


and 



( ,'J -|_ y r„* + /,*)£. 


Angstrom's method of determining the conductivity of a metal is based on 
the result just given (\\ Phil. Mag. Feb. IH(RI), and is described by Sir Wm. 
Thomson (Knrye. Brit. Article 14 Heat/’) as by far the best that has yet been 
devised. 

r>2. If u is a periodic* funeticm of the time when ;r = 0 as in Art. 51 Ex. 4 
and we are concerned with tin 4 limiting value* approached by u as t increases 
we can avoid evaluating a complicated definite integral if we take the following 

course*. 

Since as we have warn in Art. 49 u =» ¥ ** is a solution of 

f) (ti ( 1 ) 

provided only that /jss=« a < I s we have 

n sss r&* * 

us a solution. 

Keplueing /I hy ± fi! this tmeomes 




or 

tl •» fin * 'Vjd *o 

since 

\// i i \/2 < i + Q 

and 

V-/ ! .[ (1—0 

Hence 




art* partieiilar solutions of (1). 
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[Aur. 5 :j. 


Prom tlieso wo get readily ^_ 

:/>»'■ « “' SUI L* ' } ' A, V 


W: 


(•») 


as a solution- (4) reduces to 

u== p m sin + Kn^ wlirl1 * r 1: 0 


and to 


w: 




(A,,, ;; n -) «!•••«• ' »• 


Xf wo add a torm which satisfies (1) and which is r»|iul to /**ru w hen a ~0 

™lto 

have a solution of (1) which is zem w lieu < 11 umi w hu-h m 


p m sin («>«/•}■ A,„S "licit j- o. 

The term in question approaches zero as / iiutcum". j \ . i ! > Art. • j ami we 
have at oneo the sohit.ion given in Art. hi Kv !. a-. •>ur requite! i»* «nlt. 


MX A MI’l.K. 

Show that v — e 1 *'*‘ a ' isasolution of />,« '•* >-*<< ti /> J — //■*, 

and heiMse that 


„v s sin .1 ^ J. anil » - “ .a . (,!' ■ ^ ) . 


where. 


+ ami ./ {\/f J j /•* h'jl , 

are solutions, lienee 


(ft f t A.„) 

is a solution. 

If fi = ma this lust result reduces to « p t!) hid * nmf ( A,* } ) when r — 0 

and by the reasoning of Art. fill It must !«• tin* \aim* n ,i|*j*i*«. m*!***^ a** / tuei-eases 
if we have the same conditions as in tin* la*! part of Ait. Al K\. fi. 


/>3. The whole problem of the flow of heat in treated !*\ Ni \\ illi.un Tltoite 
son (y. Math, and Phys. Papers, Vol. 11 k and other mrnl wntri^ Isons a dif¬ 
ferent and decidedly interesting point of ufw» w lindi we *li.ill brtefh sketch 
in connection with the problem of Li nr nr 

Suppose we are dealing with a bar having a small crons-sreli«*tt and an adia- 
thennanous surface, and take as our unit of heat tie* .uhmmi! i»-jmiol !«» ratM* by 
a unit the temperature of a unit of length o! tie* lat. It »it a yon! <4 tie* bar a 
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quantity Q of heat is suddenly generated the point is nailed an instantaneous 
heat source of strength Q. 

if the heat instead of being suddenly generated is generated gradually and 
at a rate that would give Q units of land, per unit of time the point is called a 
■permanent heat source of strength Q. 

The temperature at, any point of the bar at any time due to an instantaneous 
source of strength (J at, the point x — \ is easily found by the aid of formula 
(S) Art-, 19 as follows:- 

If a quantity of heat (J is suddenly generated along the portion of the, bar 
from a* A to x * A -{' AA, where AA is any arbitrary length, the tem¬ 
perature of that portion will be suddenly raised to ™, and we shall have by 

AA 

(X) Art. -K) 


u 


Q 


'Ja^Trt -AA., 


A r a 

1 ■ f- 

ikj 


(A ”.»»3 
\ttV ok 


0) 


as the temperature of any point of the bar at any time t thereafter. 

If now we w rite u equal to the limiting value approached by the second 
member of (1) as AA is made to approach zero we get 


a 


^aSjrrt 


t A » 
Uot 




as tin* solution for the ease where we have an instantaneous source at the 
point X "r; A. 

It is to be observed that in (2) u 0 when / 0 and it = * 

liits/vf 

when x ....: A and />u. 

If we- have several sources we have only to add the temperatures dm* to the 
separate sourees. 

Formula (St Art, 19 may now be regarded as the solution for the ease where 
we start with an instantaneous heat souree of strength /{AP/A in every 
element of length of the bar, 

A souree of strength - g is railed a sink of strength Q; and ((>) Art. o() 
may be regarded as the solution for tin* ease when* we have at the start an 
instantaneous souree of strength j\ A P/A in every element of the har whose dis¬ 
tance to the right of the origin is A„ and an instantaneous sink of strength 
/(AP/A in ever) element of the bar whose distance to tin* left of the origin is A, 

If we have an instantaneous source at the origin (2) reduces to 

g y 

ii -s e 

2 itVirt 


(«) 
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f a “t. ro. 


For a permanent source of constant. strength Q at the origin (.'!) gives 

t 

(J /% i* j 

?4= * I e (/ — r) 1 tir ,a\ 

‘>,^1rJ 01 

(I 

and for a permanent source of variable strength j\t) 

t 

\ p * 7 t 

2<^7rJ [>) 

(I 

In (4) and (5) obviously reduces to zero when / 0 an#l ,r > o, hut its 

value when rr = 0 is not easily determined. We ran avoid the difficulty by 
introducing the conception of a doublet. 


54. If a source and a sink of equal strength tj are made t<> approach em*h 
other while Q multiplied by their distanee apart is kept equal in a ronstanf. P 
the limiting state of things is said to be due to a dnuhht nf strength P whom* 
axis is tangent to the line of approach and points tmm sink to source, A 
doublet of strength P differs from a doublet of strength l* <mh in that its 
axis has the opposite direction. 

Let us find the temperature due loan instantaneous doublet of strength I* 
placed at the origin. For a source of *t rengtli (J at j* ?/ and an equal sink 
at x = — yj wo have 


or if 2rj Q = JPj 


< y * ** i *| * * 6 

p* *,,?* r 4„3# 

2itynrt 


r 4«if ( f, v»c» - r >|ff ) 


If 77 is made to approach zero 


* t 

ninh 


r 


limit - .sinh Jg 



and 


Pj* »* 


( 1 ) 


IS the solution for the temperature nt any time and j,bee .lue to mi instmitane- 
ous doublet of strength /' placed at the origin, For a double, at any other 
point x = \ we have 


M* 


4«Vtt? 


t *1 

4*MI 


(-) 
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For a permanent doublet, of constant strength P placed at the origin we 
have 

t 

/V /* £rt 3 

u ~~ 7 ' I {t — r) 3 (It ; 

•U(‘V7r./ 

U 

and for a permanent doublet. of variable strength f(t) 


<«V-r) (t ~ ry^/(r)dr , 


U *5 


I 


tr^TT* 

ittAi 




if x>(>, and 


«VwJ '' 4„ a /3 2 )'^ 


( 3 ) 

e> 


( 6 ) 


yaV*' * » 

if .r <0, if we let 0- — ; r - . 

L'#/VV — r 

From (5) ami (0) we see readily that u = 0 when f = 0 and that 
^ ==*^’- when c== 0 If we approach the origin from the right and that. 


f \ 

u sr —■* 4 -when .r ssp 0 if we approach the origin from the left. 

If the point *r = 0 is kept at the constant temperature b and we are con¬ 
cerned only with positive values of / wo can get from (5) the solution given in 
Art. fiit Ex. 4 by supposing a permanent doublet of strength LVty placed at 
the origin. 

To solve the problem treated in Art. 51 we have only to suppose a permanent 
doublet of strength 2a % F(() placed at »r =s 0 and from (T>) we get at once 
(10) Art, 51. 


EXAMPLE. 

Show that if f> t u ** a*l**a —■ h*u and an instantaneous source of strength 
Q is placed at ,r , A 

v. Art, 51, Ex. 5. 


a— ,.-«r 6,1 “ 

2aywt 


Show that if nn instantaneous doublet of strength P is placed at the point 

£«() 

P% it 

4«*virt* 
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[Art. f>5, 


[f a permanent doublet of strength f(f) in placed at x *0 


, if ftv f 1 i nht ' t ) ij\r)(ir 

7 tJ 

(I 

•vj' 1 * ,w (' 


■i W' 

I 


whence « = 0 when / - • 0 and .r>0 nr r * o and if \ \ {t \ when 

Jitt * 

x = 0. 

Hence if \v r (‘ place at .r*—o u permanent doublet i»| givis-oh IV*/*’(/) wo 
get the solution given in AH. hi K\, A lor fin' ea-.e uhnr » /*' t f) u | Hm 

x = 0 and // — 0 when t • 0 pro\ ided v\ »* are emmet imd onh v\ith positive 

values of x . 

If Jf(f) = c this reduces to 


// 





»>v | 

55. As another example of the use *»f fount*'?-’* Integral \\»* shall consider 
the transmission of a disturbance along a sirrtehrd ria.t ir mtin;' 

Suppose we have a stretched rbt.Hte •*? ? im; *«* long t hat wr m-rd not emtMder 
wluit happens at its ends, that m m» hum th.if we na lir.it ?K length us 
infinite. Let the string be initial!) dmioifrd mV .** 10 ** gt^m v» m and then 
released ; to investigate its subseijiieut 111 * 41**11 
Let us take* tin* position of etjtidibimm *4 tin* .lung ,n t !$«* axis of A and 
any given point as origin, 

We have, then, to solve the differentul r»puf mu 

/Vy * 0 / 1 /#/ 

[v. (vm) Art. 1] subject to the condition^ 

// j) x 1 W bell t It 

/> f ym;tt ** t It, 

As in Art 8 we find 

i/~ cos a{x ± tii) and y un « * of) 

as particular solutions of {!), 

From these we must build up a value that will mlii.r to 


(1) 

<2> 

(;i) 
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when f = 0 and will at the name time. satisfy (3). 

// =“ <*<>s «A. pus «(.r + r//) + sin <xA sin a(jn + at) 
or // — pus a (A. — x — pA) 

is a solution of (1). 

I * * 

I lenee // ^ j da |/(A) (*os «(A — x —* af).dk (T>) 

« 

is also a solution of < I). 

(dl) reduees to 1 / J\x) whon f hut. it gives 


/><// = ** Cad a (f(k) sin a (A — ar).r/\ 

o *. 

when / —0 anti consequently dons not satisfy P(]uation (3). 

If in forming (f>) we uhp eos u{j — at) and sin «(./— af) 
p.oH u(x d”* at) and sin a(x at) wp get 

if — ^ j da //(X) cos «< A ~ x + ut),dk 


instead of 


(«> 


which is a solution of (l h and redupps to // \f\x) wlu*n / = 0, but it gives 

»« <#. 

li t y •=— aiia j J\X) Hin a (A — r).dX 

1» .« p, 

when and does imt satisfy f 3j. 

If, however, we tako onedmlf tIn* sum of the values of //in (f>) and (<>) we 

get 

11 ^ # 

if -- o f" ^ | |/i A) eos «(X — x — dt)j$k 



/{A I cos «(A 


.r + at)jfk , 


( 7 ) 


a solution of (l I whioh satisfies both {LM and *3), and is, therefore, our required 
solution. 

This rPHutt pan hr \erv tittirlt minfdifted. 

If we substitute .i x + i it 


* | dm lt\ 

wj J' 


/(At eos ei(A — x — ut)jlk 


j da |/i A) eos a(k ~ t)Jk =/c *) =/fx + «*) > 



SOLUTION OF PROBLEMS IN PHYSIC'S. 


fAirr. 50 


and in like manner we can show that 


00 <*< 

—j'da j/(A) C(KS a (^ ,r ( d).dK =?J\ x — fit) . 

0 -00 

Hence our solution becomes 

!/= I [J\-r + <ft) +/(•'* ~ ») • ( 8 ) 

This result is of great importance in tin* theory of elastic st rings and it 
shows that the initial disturbance splits into two equal wa\es which run along 
the string, one to the right and the ether to the left, with a uniform velocity h, 
and that there is nothing like a periodic motion or vibration of any sort unless 
the ends of the string produce some effect. 

50. If the string is not initially distorted but starts troin its position of 
equilibrium with a given initial velocity impressed upon eaeh point we have to 
solve the equation 

//^r/ a />; ; // (i) 

subject to the conditions 

// — 0 when f ^ 0 ^2) 

/^/z— f : <>. (;i) 

We got by the process used in Art. f>o 


- fda /V ( x) “ "01 , 

“ Ii 7•'-+1* 7' ’'"'"U 


but f f/fl _ pin «i A — — •>/» (/(| , v 

. « */ « 

if x <7 A. <7a 1 -)-«i‘, and itt equal ti> ‘/cm fur all other valuca of A; air 

<*■ 

rmx IflX , 7T ; i* 4I 

if III ^ 0 


rr~ — if III <0 


v. Int. Cal. Art. 92 (3). 


0 if in = (!. 


Hence 


y«= ,,t j*/’UVA 


i ’■ our required solution. 
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EXAMPLES. 

1. If the string is initially distort'd and starts with initial velocity so that 
y=/(.r) and />,// = /'\.r) when t~() 

r +■ at 

// = l ["/(•'' + "0 +/(■'■ — «f)] + ,/~J‘ /'’(X)dA . 

x * at 

2. If the initial dtsturbanee is euused by a blow, as from the hammer in a 
piano, which impresses upon all the points in a portion of the string of length 
r an equal transverse velocity h show that the' front of tin 1 wave which will be 
seen to run to tin* left along the string will be a straight lint 1 ! having a slope 

equal to amt a length equal to ^ s/Atd d~ ^• <>f course a wave having 

a front of the same length with a slope espial to — will be semi to run to 

the right along the string, and the effeet of the two waves will be to lift the 

string bodily and permanently to a distanee above its original position. 

f>7. We shall now take up a few examples of the ust* of Fourier's Sr rim. 
In tin* problem of Art. 7 let the temperature of the base of the plate be a 
given function of j\ the other conditions remaining unchanged. 

Since /(>'*) sin tax) 

i.. * i 

where “ i j\a) sin maJa 

w*’ 


we have 


^ e sin mx j j\a I sin waa/aj . 


If the breadth of the plate is tt instead of ir 


*»«**? , mwx /* . . m ttA 

a ■ - > r qr sin I f{K) sin dk 
it ** ft J * tt J 


( 1 ) 


(?) 


f>H, If the temperature of the base is unity ami the breadth of the plate is 
tt the solution is, as we have seen in Art. 7, 


4 r 

tt r 

7T L 


* sin .#* d*. 


sin '$lx d" r e *** sin Bx d* 1 


■] 


(i) 


This series run l*e Ktimiunl u it bout dittieulty. We have the development 

log 1 1 d” .i s 


I 


„ + ; { ~ J + ’ 


if the modulus of * is less than I. lut. ful. Art. Til (4). 
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[Airr. 58 


Hence log 0 

if mod. z <C 1 • 


. « * 4 

l 


and 


1 


, A , A 

[log (1+»') ~ 1(> K l 1 i ( ;; I { 


( 2 ' 


if mod. s < 1. 

But 

log (1 + s) = log [1 4* r ( ms *A 1 s * tl *A 1 1 

= ^ log [(I + r coh { { /* sm | } i tan 1 ^ * ‘ * U * 


■OH <f) 


1 , . r mu </> 

: 4 . log (I T* f r’t I I fau 

2 v I f i" r* »h <p 


and 


log (1-*) = ! log (1 - <t> -1 r'l i tail 1 J ' » , 


[Int. Cal. Art. M (2)], 
and (2) becomes 

i Q log 1 + 2r ««*+_?*x .• . - r!iin ♦' 


. ik , % 4 -1 tun 1 . 

’ 1 — Jr cob < f > + H 1 

cob <j* 

I 


<f* ( t MU J r 4 |i*trl3i^ j f >»tn 


(•*: 


From (3) we get two equation* 


1 . 1 + 2rnm 4 , | r v rettn i|» r 5 cuh Il«f# r* r »*h »%«|* 

4 1 — 2r cob $ 4 F 4 I N N 


1, . 2r niu $ /* mu </» , r 1 ntn ;Uf» , #•* mn *%«i* , 

tair 1 i t i • 


1 


(4 

<* 


both valid for all value* of $ ]>r<*ve|«’d r * I 
<r y is lens than 1 if // in juisithr. 

Hence from (o) 


c-^siiur «V , e ^ .du Ar 

" + f 


1 


f ,iii 


mu r 


, l.m 


i " 


1 


t.in 1 


Hill x 


and (1) may be written 


Htlth if 
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If wo replace r by er* and $ by x in 

l°g [I + r(v.oH $ + /* sin <£)] 

it becomes log [ 1 + o v cos x + / v 11 sin x ] 

or h>g [ I + eos s + 1 sin z] 

v. Int. Cal. Art. 2f> (2) and (4) 
a function of z an a whole; and 

lug ( 1 — r(eos $ + / sin $)] 
becomes log (1 — cam z — i sin ,?); 

lienee by Int. (<al. Arts. 212 and 212, 


i 1 4* 2c v ecm x 4’ c ^ 
7 1(i K 


1 


l'OH X "f“ < 


n 


and 


nr 


or 


1 , cosh // 4* cos x 
v leg — * and 

4 cosh// — ecm x 


1 , . 2c'” 1 ' sin a; 

3' 

1 . , sin x 

2 U "' ,i„l7 


are conjugates functions, and 

Wi : 


! cosh e/4- cos x 
^ log . ' 

7T COHO // —- COS X 


CO 


is the solution for the problem where the* isothermal lines are the lines of flow 
of tin* present problem and the lines of flow are the isothermal lines of the 

present problem. 

For our problem, then, the isothermal lines arc* given by the equation 

sin x 


or 


and the lines of flow by 


or 


— tan * .— ssz a 

w smb tj 

sin x * aw 
~v"y ■ tun ~ 
stith i/ 2 


1, cosh // 4- eos x „ 

- log k sad, 

W eoHli // — eos x 

eewli if 4' cos x 

eos 1 1 if — eos x 


(«) 


(9) 


KXAMl't.KH. 

1. If | /^wn(i, iiiitl ii^-, I when f/ = 0, and 

ar =® 0 and when x - a , 


11*0 when 
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SOLUTION OK IMIOULKMS IN IMIVNK'S. 


fA«T. , r )i). 


2. If u = <j>(x) wli.au y = 0, it ~j{y) when ./• = (), ami „ =- 
when x = a 


2 x ^_m a . mw r . 

‘=;5> 


. mirk „ 
Km — r/X 


1 . 7 r.r 


+ U7 siu 




Za (t J I 1 7T v 7T,r , 7T 7 T r 

o OOSh — (X — //) — eos vosh * { A 4- i/) — rus ‘ ■ 

a v a tt it 


jW\ 


a 


tt 




o 7 ^coah - (X — //) + et »s ~ rush ~ | X + // i ( h 




y. Art. 48, Exk. 4, 5, and (>. 


59. If three sides of a plane m*t;ingnlar .sheet of rtuuluetin^ material b 
kept at potential zero and the value oft lie potential hiuetiou at even point ul 
the fourth side be given; to find the value i.f thin potential timrtiou at any 
point of the sheet. 

To formulate:— 

I>?r f 

\\ he! 

V o 
/*=/(.#•) ** 

Working as in Art 48 we get 


?! o. 

U ,r 0 . 

t r tt . 

// •■■■■■ ^ . 

V .. II, 


( 1 ) 

("I 

(:ii 

(D 

e> 


. t W7T t 

sum *.— (It — 


muh 


#M 7r r 

, ■’ inn 

/a ttA ,t 


Therefore ^ * 1 *• *-*■ ■>"*! * I Of m in an inU^-v. 


v* 


■Ixi 

m ^ J 

is our required solution. 


. t mi t , 

muh — |/i — i/i 

e 


" . . nmh 

\ Kmh -™- 

a 


■ Hill 


rnwr r , t , tn7r\ . 1 


CO 



CAP. IV.] 


RECTANGULAR PLATE. 


EXAMPLES. 

1. If J\ x ) ^ f I^i- (I>) Art r>\) minors to 


r= 


4 


.sinh . {f> — n) 


37r 


ninth 


ttA 


Hinli — (/> — //) 0 

. 7r.r ,1 <7 v . *\irx 

HUt-H - — -“7-— S11L- 

a 3 . . Airo a 

sum — 


+ 


sinh — </#—//) r 
i it . r>7r.r , n 

_ Hm — ^— 

O . . »>7r/> o' I 

sinh ■— 
a 


2 , If FssO whrn / = 0, r = <> whom .r = a , jT= 0 when 
H 1 J r = f*\x) whrn //*=/g thru 


'•-its 


,ninh 


"sinh 


mirtj 

it , W7TJ* 

- Hill 
tilTrh 


tt 

!7 r»r^ . mttX ’1 
— | /»(A) sin - ^ - i/Aj 


3. If t\x) • - I tin* uuswor of Kx. *2 minors to 

TT// 


„ .. . t 3 tTV . . r>7rv 

ninh ' . smb * , Hinli « 

t t , 7r.r ## . ,i *t . r>7rx , 

—— , «m + "*■- .Htn—~~ .sm—- + 

7rA i/ 3 . t AW it *> . . O7T0 O 

Kiuh. Miili - mull — 

n * f tl 


4 t If I*. w 1 1• *11 <>, I* ■■ 0 whrn r~it % r= t /\.r) whim 

nd !'rz Fix) whrn . tham 


. . W7T , 

huiIi •(/# —i/i « 

>•■ • s »-r(.■. >. .r*> 

Mltll —— « 


. mttX rx 

Hin- dX 

a 


i 


nli ^ . s - 

#1 y . MW A 

+ .^ * I ^iX) sin tix) 

, mwiij tl /« 

Stun 


min/ 


5. If /(.r! /\.!• t till’ iuimvut nf Fa. I n’thu’i’H to 

mw ft* \ 


1 


€ 


imh 


i 


mwt* 


■ SlU 


iiittx /*, . . wirA 

r J/(A)™.—Aj. 
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HOM’TIoN <>!•■ I'l:i'IIM'.MS IN I'llVSICH. 


[Art. 59, 


6. If /(r) ~ 1 tin' iuisw it of 1 a. A i Im 


4 r , '" si1 r C .■") 

,0,h - 


rr r i I 


(-t ) 

- n m 

t »»?r^ 


fi t 

I'ONll ' ;.— 

Jit 


7 . If "'In’ll ,</ I' !> 

x = 0, and r=p<(,v) wlirii « . tin n 


|J'l W III* 11 


*• wbn 


Vw*~S> win - J ( 


|* wirA „ 

J *i V 1 *>!ti */X 


, 4 *»» ft *# 

Hinit 

if 

+ , „,vtj 


ntffA , i 
Alhlfl fH, 


+, a S[-7'( 


mW 

mil* 

WITTi/ / f* 


tnlf^ 


Mfth , ■ * , 

, #i I* »»nrA , t 

+ ' ’ ' I \,Ai i »it »/A) • 

K SII Jl 

ft 


8. If j^*r) a* ^(*/) sss 0 atttl I*) 11 » I t h»’ ,iti*ii%rr *»! K\. 7 maybe 

reduced to 


V// ft 


r <=.> 


(. > 


. . mt 41 

■ , " 1 ' -j. 


"‘tC ') ..... 


vj / . ;tiri, 1 
'*\VM 414 it * I 


( '. ■) 
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KLOW OK IIHAT IN A SLAB. 
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0. Kind tin* temperature of t.h<» middle* point of a tliin square plate whose 
fares are impervious to heat; 1st-, wh(*n three edges are kept at the tem¬ 
perature 0° and the fourth edge at the temperature 100°; 2d, when two 
opposite edges are kept at tin* temperature 0° and tin* other two at the tem¬ 
perature 100"; 2d, when two adjacent, edges are kept at the temperature 0° 
and the other edges at the temperature 100°. Nee examples 2, 0, and 8. 

A/ts.i (1) 25°; (2) 20°; (2) 50°. 


00. Ltd. us pass on to the consideration of the flow of heat in one dimension. 
Suppose that we have an infinite solid with two parallel plane faees whose 
distanee apart is <\ 

Take the origin in one fare and tin* axis of .V perpendieuhir to the fae.es. 
Let the initial temperature he any given fnnetion of ,r and let the two faees be 
kept at the constant temperature zero; to find the temperature at any point of 
the slab at any time. 

We have to solve the equation 

/V' ™ (1) 

subject to the conditions 

ft - 0 when ,rr 0 ^2) 

.r*c (2) 

/ -o. (4) 

In Art. 4il we have found 


U r.~ 0 
ft ’ ■ j\.r) »* 


u r t tM H\n ax 


and it ■ c eos ax 

as particular solutions of (I t, 

it r ‘•on ax sat idles |2| whatever value is given to a. If satisfies (2) 
if a > provided m is an integer. Let ns try to build a value of u out of 

term** of the form Jr * 1 sin which shall satisfy (4). 

We have 


J\xi 


2 v' • m7rjt i < , • wttA „ 

> . Kin — iffAlsin tlk 

r v ' e _ 


- 


. U17TX 

,, sin 


TTx /* , , mirk „ 

| /l At Mil ^ tlk y 

*' J *' J 


(«) 


(«) 


reduces to lot when t n aii*I is otir required solution. 
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SOLUTION OF PUOBLKMS IN IMIYSU'H. 


[Art, 01, 


KX A MFLKS. 


1 . If f(\)=h } a constant, (fi) AH. 60 hmIuccs to 


U = 


&/) f « 2 "' 3 < 7r.r . 1 

= — sm *— +c 


!i 11**3/ , BTT.r 

* ,* sm 


viirVf . , »7T.C 

snt 


7T L 


( 2. An iron slab 10 cm. thick is placed between ami in contact with two 
other iron slabs each 10 cm. thick. The temperature of the middle slab is at 
first 100° throughout, and of the outside slabs O' throughout, The outer laces 
of the outside slabs arc kept at the temperature O \ Keijuired the temperature 
of a point in the middle of the middle slab fifteen minutes after t he slabs have 
been placed in eontaet. Given a 1 -- 0.1 HA iu <\G.K. mut-*. .has., UY\:\, 

d. Two iron slabs each 20 cm. thick one of which is at t be temperature ()" 
and tbe other at t*ho temperature 100' throughout, are plaeed together face to 
face, and their outer fares art* kept at the temperature U\ Kind the tern- 
perature of a point in their common faee am! of points 10 em, from the eom- 
moil face fifteen minutes after the slabs have been put further. 

G«*. t 22 '.K; 1 ad; I7‘V2, 

4. One faee of an iron slab 40 cm. thick in kept at the tempera!tire 0 ’ and 
the other faee at; the temperature lUtK until the permanent state of tem¬ 
peratures is set up. Haeh faee is then kept at the teiuperatnte it 1 , Uetjuired 
the. temperature of a point in the middle of t In* Hah, and of point s 10 em, from 
the fares fifteen minutes after the roofing has begun, 

22’.S; 1 A ,0; 1 (} M ,7, 

(>1. If the faces of t.he slab treated iu Art. HO instead ot being kept at the 
temperature zero are rendered impervious to beat, the solution of the problem 
is easy. 

In this ease we have to solve tin* eqimtten 

l> f u fC/M it 

subject to the conditions 

when ,r <1 

7> f u ■ 0 »• x e 


it ~~ f(x\ «» t O, 

We have only to use the partieulur solution 

it r eon nx 
as we used u — nisi ax 


in Art. GO. We get 


u 


ItLlW+g 

u 


mh^mh mwr i m , 

,i eos I fiX 

r j ' 


I I'I I M 


m irk 



(D 




Chap. IV.] FLOW OF II EAT IN A SLAII WITH ADIABATIC FACES. 
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EXAMPLES. 

1. Solve example 2 Art. EO supposing that the outer surfaces are blanketed 

after the slabs an* placed together so that heat can neither enter nor escape. 
Find in addition the temperature of the outer surfaces fifteen minutes after 
the slabs are placed in contact. A ns., 

2. Solve example d Art,. EO on the hypothesis just stated, getting in addition 
the temperatures of points on tin* outer surfaces. 

r>0°; d.T.O; EE°.l; 27°.2; 72°.8. 

2. Solves example 4 Art. EO supposing that heat, neither enters nor escapes 
at the outer surfaces after the permanent state of temperatures has been set 
up. Find also the temperatures of points in the outer surfaces. 

.//w„r>o°; ;w°.7; Eo°.:i ; :u>°.r>; E4°.f). 

4. Show that if a = 0 wlum a = 0, I> v u ~() when .r r } and // =y'(a) 
when t ~ - (I. 


u 





. (2/a 4” 1 )7T\i* /* . . (2/// + l)7rX 

.~ /(A) Hin .;. 



Snt/t/cxtioti; Assume // = 0 when 
(<>) Art. 00. 


and f(2c • ,r 


) and see 


E2. If tin* temporalurc of the right-hand fata* of the slab considered in Art. 
E0 is a constant- y instead of zt*ro \vt* imve only to add to the second member 
of (E) Art. EO a term tt x which shall satisfy tin* conditions 

tt ji j (1) 



0 when ,r r- 0 


»/ l ... 

0 “ / = (> 

(•■*) 

"l 

-7 " ‘ rr: ^‘ 

(4) 


v x awobviously fcatislios (1 K (2), anti (4 u to make it satisfy 0t as well 
we must add a term a-, which shall be e»pml to zero wlum a* = 0 and when 

a—a and to - ■ ^ when t? .0, while always satisfying (1). It is given 

immediately by (E) Art. EO and is 



. MTT.r /* , M7r\ 

Kilt — .. I A mu — 

f‘ J r 

w 



(«) 


Cx 

V 


f j r 2 

—- et IS //I7T (•— l ) m '—■ 

mw a nr 
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SOLUTION OF PROBLEMS IX PHVSICH. 

[Aiit. d:i, 

and 

m w *> 

2y xA /(—* ) m w s «c«v , wrrj'X 

Uo = '■ ), C"”” ,5 sill I * 

f M \ W r / 

m m t 

(til 

Hence 

mm Ml , 

ra* , ‘J /(— 1 1 ) w . //#7T.r\n 

«i“r[;+^2,( w '* - /J- 

(7l 


m** J 


If tli© left-hand face of thn slab considered in Arf, f»n i H to be k**pt at a 
constant temperature ft and the right-hand fare at the tmtiperat nre zero we 
can get the term u n which must he added to tin* seemid uanuhor of ft) Art (HI 
by replacing y by ft and a* by r — a’ in (7f. We thru haw 



«»•»» 



»«-1 



' ,V .SHI 


Miff 


(K) 


EXAMFhRH. 


1. Show that if w «■ /f when s ^ if» « wi y when t r , anti it * /^. r ) 

when *=Q 


u*** ft (y /i) 




(W«»l 


jjWM# , mjr.f 

c” ~ am 


77 .f /* , 

J1.AA) 


*' /I j .Mill 


mirX 


,,y 


2. Show that if w«/f whim ,r»tt, >< « « u, /> „„n 

when ^ = /! 


t VM ■* , ( *J )tf i | iff 


-el 1 ‘7rX(y~^~<' , ‘ M * m ■ 

mm 

:^sQ —■- **‘w. . I 


) 


** Hill — 4" - C"’ 4,-r Mill 


t-* *011 


02. If tho temperature- of the ri«ht-hm».I Jim.- ».) tl..- L.i- j,e,t . mined is 

a function of the time instead of a ronUunt .md th, i.i|„. 

haml lace is zero the. problem ean he solved |. v .1 i»j, i!....{ umh id.-nt i-m! with 
that of Art. 51. 



Chap. IV.J TEMPERATURE OF ONE FACE VARIABLE. 
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Pet he a Junction of ^ and t which shall bo zero if t is less than zero 

and shall bo equal to 


m *s iX) 

* r —1) m wMnty . W7T,r\ 

t + r: \ «m —) 

' 7T -W \ /y/ r / 


[v. (7) Art. 62] if tf is equal to or greater than zero. So that 

0 if / < 0 

) = 0 “ / = 0 unless .r = <j 

1 <* / = 0 and *r = 0 

” 1 u .r = r 

^,/)”0 “ r = 0, 

Precisely as in Art. 51 we get 

w « (~/•'(/,'r) ~*(•«•. '-(* + i)r)> n (1) 

4 » »*-■ T 

as the required solution of our problem, // being as in Art. 51 the largest 

integer in - whore t is any given value of the time. 

r 

On our hypothesis tin* lust term of (1), that is, — F(/ir)<f>[ ; r n t —- (// +l)r]==6j 
the next to the lust, term /‘\//r)$(.r,/ ::r) has for its limiting value 


/'*(/)$(.r, 0) F{i) + T • Hill 


/(—l) w . W7rx\n 

» 81,1 , )J’ 

Ml ** l 

while as in Art. 51 the limiting value of the rest of the sum is 

i 

— I* /'U)/M>e. * — awa. 

** 

K) - S[V 1)-^ =] 


IloufiP 


«*=/-’(/) 


*L‘ 

m -*> } 

lp w . mwj’Y 

- {, > / - - Hilt ) 

W *"* \ m r / _ 

»?»«■ i 

in — #> # 

Z<thr w-v / . . H17TJ' r t . '»*«**!<,--JO n\ 

f /i lrWMll —- - I /{AO* <i c a) ^aV 
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,SOLUTION <)K IMtOltl.KMS IN PHYSIOS. 


f.Airr. 03 . 


m 


(—*l) wi . ///7T,r / . 

i-—I— win — / A / n 


”7T*t / „ . 

sm — / /»(/) 


VV- /* 




-/A 


( 2 ) 


If WO Substitute* ^ ^ ( t — A ) WO 




KX A ,M I’l.KS, 


1. If tlio tompomfcuro ol the loftlmnd faoo is ;t Juiu-t itm of t ami t lu< tom. 
porature of the ritfht-haud faoo is /mi am! tim initial tomporutum yt . ru 

tn o #t '? 

“ = ( 1_ ')' V, “^ ™ ”'(«'■ .!' ■.'£>)]. 

2. If tho tomporaturo of tl,o Iof t -i,a„,l faoo „ a i.,„ ,,f ,, til( . initial 
te.aporaturo ,s /.orn, and thn ri K ht-han.l faoo m 


Ill-- t 

'■-o-izy. 


, CJm { I *tt r i 

f I IV ('■• 


n 


. '» o-..» 

J / lAo t . 


*’</A 


‘)J- 


lonldl” !“ ffV w ,, . ar, ‘ «'»' « U.r ..I , 00,11 ,-n ion and of 

on K tlw. and lu-at is nidiatiog from tin- (a,a- ,,t n,,. j,„ „ tin-tom 

poraturo zoro so tlmt l>.„ „*/, •, , ,, . ’ 1 m " 


C sinh ^ 

v Hmli — 

a 


'“I 


i ) m 


m 


Pi :j -f- * 


< m7rjt 

'* «!li 





( 1 11A I*. IV.] VIBRATION OK A STRING FASTEN El) AT THE EJNJDS. 


Ill 


(r) (‘({nation (-) Art. 08 1 mm*<) nu»s 


shill 


shill 


hr 

a 

hr 


■ /'V>+ 


j _(— l) m W_ . 

( /rV a -{- wr'(/-7r 2 S1 


==[>« 


t 

h'*<‘~ + w W a r iw * m 2 «M 

c* ..." ~. ".~ 

0 

01. Tilt* problem of the* motion of a finite stretched olastic*. string of length 
/ fasUnnul nt flit* ends and distort(‘d at first info soni<‘ given curve // = f\r) , 
and then allow(‘d to swing, has been ti*(‘at(‘d and partially solved in Art. 8. 

The romplete solution is easily seen to be 



- - t/nrr mirat r , . mirk , 

// ~y 2y sln f (,{)S ~'“7 )./(A) Hill - ■ - f/A. (1) 

m - 1 o 

The second member of (I) is a periodic function of I having the period 


. The nudion, then, unlike that in tin* ease of an infinite string (Art. i>r>) is 
<f s s *y 

a true vibration, a periodic mot ion. The period is the time it takes a dis- 

a 

turhance to trav«d twice the hmgth of tin* string (v. Art. r>. r >). 

A careful examination of (1) will show that tin* actual motion is a good deal 
like that in the ease considered in Art. on. The original disturbance breaks 
up into two waves one of nhich runs to the right until it. reaches the end of 
the string and is then reflected, and runs baek to the It*ft. or the under suit* of 
flu* string, while the other wave runs to the left and is reflected at tin* left- 
hand end of the string and runs back to the right under the string and is 
again reflected, runs hack to the left over the string and so on indefinitely. 

If tin* curve into which the string is distorted at the start is of the form 

ysszh *in flu* solution is 


. . mtrr mirat 
y —• h sm f cos 


No matter what value t may have the curve* is always of the form 


that is, for different values of / we have* a set of sine* curves differing only in 
the amplitude* ami not at all lo the* period of the curve. In this case* either 
the whole* string if m 1, or each nifh of the string if m is not equal to 
one*, rises and falls, and there is no apparent on ware! motion. When this is 
the case wee an* said to have a »temhj vibration. 
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SOLUTION OF PKOBLKMS IN PHYSICS. 


1 Art. (S4. 


If w =1 we get steady motion of f ho Mring an a w ludo ami if tho vibration 
is rapid enough to give a musieal note tin* nolo i, said to hr tin* pure fund* 
mental note of flu 1 string. U* m - tho vibration i« tun-r ;is rapid as when 
w =z L, the middle point of tin* string doo^ uof nm\ o ami i . oallod a node, the 
two halves of the string are in opposite ph;mo% «»f \ ihrat mo at an) instant, and 
the note given is an oetave higher than the tiindamoisf.il smO r and is railed its 
pung/md Jummmh\ 

If M = d the vihration is three t imos a * i.ipid a> us tho hr4 rm,r, there are 
/ l 1 / 

two nodes .r ==7 and .r ,, , and tho m»to j * t h»* pnio .m »uinl httrnnmir nf 
a o 

the fundamental note. 

For any value of m tin* vibration is m turn* * ,o« tapid a * u hon m I, tht*re 

/ »/ 1 

an', w — 1 nodes at the points .r * a • * * ’ ' /, and w e got the 

w — 1st hanmmie of the fundamental nolo, 

It is dear from (1) that no matter \s but 1 ho original t»»rm *d the string tlit* 
resulting vihration ran he reganlod a-* a emubmateat *•! * ihrattons eaeh 

of which alone would give tho tundaimnt al ?e*io »»f f ho m inig nr one of its 
harmonies, and that tin* complex tmto temitmg j » c all) a ninruni t»f tin* fun¬ 
damental note and some of its harmonii-*, 

A limdy trained ear can often rooogui/o tit a complex imto thr lumlamontal 
note of the string and 80110 ’ of it* hat nonur * and r» o.ipablo <d analwinga 
complex note into its component pure nolo-* ptrotHoh a » Fotii ior\ Theorem 
enables us to analyze the enmplex iunetnm irpre^mtmg tho initial iomt of the 
string into the simpler sincTunetiumi u hmh uni a l*o oumhtned to form it. 


1. Show that if a point whoso dmtumo 1 1 # n t ho oud of a harp .string is 
“J 

-th the length of tin* string is drawn aodr h\ t hr id end u n-rj c .1 dmfanee 
u * 

41 rout its position ot e»piihhrtniu and tla-n cm ,$,» d, th»* Lorn *d ; ho \ ihrat mg 
string at any instant is given U\ tho r.jjuiinii 


// 


'3ir 

{fl — I I7t J 


v, 


w '!7 

sill MU 

n 


i 


i 




Show from this that all flit* hartmmien <*f tho tun*lament al m*to of tin' 
string which correspond to tortus nf v dual mu having m*de * at tho point 
drawn aside by the finger will be wanting tit th** complex note artually 
sounded. 



Chap. IV.] VIHItATlON OK A NTKINU IN A INSISTING MKDIUM. 
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2. If a stretched string starts from its position of equilibrium, each of its 
points having a given initial velocity, so that we have 

// — 0 when f = () 

.£>,// = F(x) u / = () 

//=■=<> u ,r = 0 

// = 0 u .r = / 7 

the solution of the problem of its vibration is easy and gives 


arr 


X( 


1 . iiiiTJ' . mrrttt 

- Silt .sin 

HI l 


l 

rrxt r . itiTrk .. \ 
— | /'(A) sm <fkj . 


3. Writer down the solution for the ease where the string is initially dis¬ 
torted and eaeh point has a given initial velocity. 


f>o. If we do not neglect, the resistance of the air in the problem of the 
vibration of a st retched string the differential equation is rather more compli¬ 
cated and the solution is not ho easily obtained. 'Pin 4 etjuaiion is given as fix) 
Art, 1. 

Let us solve the problem for the ease when* there is no initial velocity. 


Here we have I>; h — "V*;//. (1) 

// 0 when sV 0 (2) 

//-o " / (d) 

#/ j \,r | «« i 0 (4) 

/>,// <> “ / 0. (o) 


We get particular solutions of f I) in the usual way. Assume //«/**■* * & 
and substitute in (1). We ha\ e 

/f | 2/r/l tnf 

as the only necessary relation between /I and a. This gives 

l i %*thf "T F. 

Hem*e #/ ^ « rl («) 

is a solution of (1) no matter w hat flic value of a. 

To throw it into Trigommiotrie form replace a by «/, and since in actual 
problems /»*, winch is proportional to the resistance, is very small, take — 1 
out as a factor of the radical. We have 
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fA»T. 05 


Since a may be positive or negative we can get 

y = r u sin {ax 1 / V ear 4 ■— X 4 ) 
and if = r u eos pur :f / V'eai ; — X 4 ) 

as solutions of (1), or by combining these 

/f = r sin o.r cos / V *r«r — X 4 ^ 

y = v k( sin ax sin / V *r<r — X /J ^8) 

y =s= r cos ax cos / \ oai* -» X 4 ^9) 

y =“ r ^ tu is ax sin / V a : a ; *— X 4 

(7) and (8) satisfy (!) and (2) for all values of a. They satisfy (*1) if 
«=— * bet us see if out of them we cannot build up a \;tlue that will satisfy 
(4) and (5) as well. 

4 I 

2 ^ / . mitx /* t . //nrA . \ 

./(.»')- ^P 11 ' /J/OIMU ( H) 


, yr\ / . W7T.f 

4 (“ m 




reduces to (11) when (I Itllll therefore n;i( i.tji -4 , |), 


— . V (xl'Jiy*" 1 /.a si,, ■ . 'mlr'ii 1 

J>d) - /, - M " / sm, \’ /; 


e./, ,\ i sin ,/a) 


/ . W77\r , UnVtr ,% 

pm — cun / y ^ | /, A , ,,i 


, //ear A , > 

tn - ^ #/A 


When^ / — 0 tin* first line of flu* semud fuembsw of |I;ii vanishes but the 

second line reduces to 


: S(™.7"jv,a.”7 .a). 


We must, then, introduce intu ( W'i;m a-l-lil i.mmI term which nhull equal zero 

when t -0 amlwho.se derivative with re.-,].. tuf-nlmH eane.-i the term above 

when # = (). 



CUAI'. IV.] VlItltATlON <>U A KT1UNU IN A KKHISTINU MEDIUM. 


lit) 


This in 1 ‘iwily neon to lx 1 

1 


2 k 


l ^ ^ln' x 7T i il’ J __ ^ 


. nrrr.r . 

SUl —— Sill t 

y 




. mrrX 7v 
sin —— dX . 


II(MU ‘0 our eomphd.t* solution is 


m f „..... 

2 —r / htrjr^r* , 

r “% ("“'v- >—** 

in \ l " X 

. , lw' i 7r' i <t ,i \ . W77\r/* . . wttX „ n ,, .. 

sm / y ^ *■— — /rM sm j t /(X) sm ^ dX . (14) 


V ///VV J 


Hero the* fart, that r *\ whirl* decreases rapidly as t increase's, is a factor of 
the whole second member shows that the* amplitude* of the* vibration rapidly 
dt'civase's. 

Comparing this solution with that given in Art. hi for the case where there 
is no resistance we* him* that tin* period of any given te*rm 


. . mrrr 

J sm j cos t 


(w'V^ 

v p ■ 


■ k\ 


is greater than that <d the* corresponding te*rm sm -- cos m Art. L4. 

In otln*r wo re Is the effect of tin* resist uuec of the* air is to tlatten some¬ 
what e*aeh component part <»f the* note* given ley the* string. Mena* than this 
since* the* periods of the* different terms of (1 hart* no longer e*xuct subnndtiph*s 
of the* pewioel of the first term, tin* component note's are* nee longer in perfect 
harmony with the* fundame*ntal note* t*f the* string, and the* itleul perfect, har¬ 
mony he*tue»en tin* fnuelame*ntal note and its harmonies is not quite realized in 
any ae*tual ease*. 

Wht*n k is ver\ smash as in the ease of a fun* string, the* departure from 
per feed; harniom is ver\ slight; Imt in tin* ease* of a coarse string or worse* still 
of an ehmfte ribbon, when* tin* resistauee of the air is eonsideruble, thee 
unmusie*al character of the sound is very noticeable. 


EXAMPLES. 


1. Solve* Kx. 1 Art. LI allowing for tin* resistance of the air. 

2. Solve Kx. 2 Art. ill allowing for the ivsistaime of the* air; 


m — i 

■s( 


1 

li#i a ir 3 e' J 

v {, - 


. mwx . 

Hill — 14111 

■/** 


J 1 

t yj—p — k 1 . | F[k) Hin L ~ <ik j 




lit) 


solution ok pm Hi t,mn lit mtmm. 


l 


3, Find a particular nolut **1 ,h \n a.^iiiipijon || lllt 

tilt! form //= "/»*U where i i* •* fun* ^u»s» *♦! f .u*«ui' and \ a luiirtii 
alone. 

60. We pass on m»w to a rmiph' <nt i« num* i| 4i , 

and extension tif Fourier's Tln-MH-n*, i ii* - .? #v l## > # a 

vibration of a aiMvhvti m tono^l^r hu! *. .in jii?i*** 1 tf«>|ic»u 

former we hIuiII first eojiMdn l i omplr |,!MPj,'tn; toft 

temperature of mt> point «»t a '*p!>rn' «)>••=« *.n i-«' *« nipcututp m 

fimetion of r tin* distune*’ «•! the | w unf f non f hr *«*ntre, anil Iiuho am 
kept at the nuwtimt tempcraim** e 
Here we are to solve 

/t « « f !* . aii , 

see [v] Art 1, mtbjeefc to 11**’ I'Mlolll ll ill I 

If f | /■ < 41 i|S f! f ll 

ft f» 4 J |f 

if r is the radius. 

Let aw/w, tlieii wir «|niiif*oi« lun'im' 

e i ?i s' * a h* n f II 


e II r 1 1 

Our problem is «»«w |»rm«i>U 11* >* . * V,* «• ' ,n.l «»• !uur iW our «»lutio 


«» 





+ l 



tuff r\ Ht 

< ll 


|: \ I %f TI I ' 

1. If f(?) mh |K| Atf, li#* miliiMn I#* - '■■■■ /» .uni fiiPiv in nit rlsiil 

temjrcrotum 

2. If the initial tetnj»**f,1*01 ^ 1 


*i 1 - if 
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An iron sphere 10 cm. in diameter is ln k a.i.od to the temperature 100° 
centigrade throughout; its surface is then kept at the constant temperature, 0°. 
Kind tin* temperature of a point 10 cm. From the centre, and lind the tem¬ 
perature of’ the centre, Id minutes alter cooling has begun. Given < 7 2 = 0.185 
in CM. S. units. 2°. 1; 3°.3. 


<;7. I i‘ instead of having the tempera!mr of the surface of the sphere 
constant, the sphere is placed in air which is kept at the constant tem¬ 
perature zero, t In* problem is much more complicated. For in this east*, the 
surface temperature can no longer be simply expressed but is given by a new 
differential equation 


1\ tt | -hit" 0 when (l) 

where h is an experimental constant depending upon what is called the sur¬ 
face conductivity of the sphere. 

Our equations, then, are 


As in Art. 0b let 


/Afra) tCP^(nt) 

(-0 

when / = () 

(••*) 

/) r u -}* htt "o when / , »o. 

(•»> 

■ nt ; t hen We have 


/V‘ 4 

( fi > 

v zz' rj\ r) when f » 0 

(<i) 

/* . :: 0 »» r S 3 * 0 

(-> 

/> r j fit ~ \ r 0 when r =* r. 

(«) 


r r “ Vf cos nr and r t ** Vf sin at have already been found as par¬ 
ticular solidions of (At {see Ail. On i, 

r > sin ar (0) 

sat isties {7 I for all value*. id a. 

Substitute thi » value ot e in iSi and vve have 

lie com tt*' | tin’ " 1 I sin neraO, (10) 

If is a value »d a whieh is a mot of the trauseendental equation (10) 

e r sin <t k r (11) 

will satisfy <d«, # 7 1 , and fHi. 

It remains tn see wln-ther nut nf terms of tin* form given in (II) we can 
build up a value ot r u Ineh will sat inly <0». 



s<>Lrnus <i*it<*iu,i m* i n rii\^i* 


[Aut, ur. 


11H 

When / - 0 tin* sivnml lootitbn *4 ■ 11i*•' n)n *h *'• it' thou we 
(•;ui CX1)IVHH (;/(/•) UH a MIIIM.1 t.-nu . .<1 i>m- t-om >\ -.in <■ w h-fv <i ( is u root 
of (10) 

I* V u 4 *“ \ mi i't t r 02) 


will satisfy all of ..inatnm* o»t , ^ . ami will !»• thr tv.juirea 

solution. 

Here, till'll. Wi> hau* a now i<r<>M.mi an .. >■' !l < >< **i •’lojuni' in lt 

Kouritw’s Norton, 1ml rath**r mm- . .i. u • n» U. •!, %,■},. j. am fum-tiun 

of a- in a norms of tin- form V" r , i<> ■ « !*■ >• '• • ‘ .0 tl,.pint ion 

* «A f .,, I*uug a rout 
(HD 


4 U» I *' tl , 


MU # M 


(10); or if wo rail «n 4* ;md i 

of tin* oouathm 

«|> t'U'i tft * jf 

or mom simply of 

»l» * 11 . 04) 

mmomboring tlmt tho wri*** and tl**- too* foot nor-ii )«• ii f**r all vuIuo.h of / 
bofworn y.rm unit «*. 

If c^ wl is a root ot (lit 4,. } i* *»!*•• - 1 

sinro am mu { * ) lh«* minr-> *4 fill’ m oomd i!ovrlu|u»rnt 

t* ' * 

whioh rormspond to nogutni* non U’ . -odour,! 4 oh »‘»irn*HjMimling 

to pOHtt i VI* mots* nil* I I Itrivtoli* tt«* JO'I 4 * o *',!*• i * on m* 11 : i« 1 

^ vr:‘ 0 in li mot ot | I I I lint 4 ’* MO M il tiii’tr «bi hr ?|ii f u.| r**H| M ttMlittg 

form in tin* dovidopitirnt 
If wo ooimtrnH tin’ run*** 

v ’ r (la! 

r 

and the rum* 

?/ s .in i (ho 


fho abrtowBun of flunr jM»iut h *4 u»t*’r»r* tmn am *»t r w bo h n,itinly 

x + tun x (i, that in, am m*u * **t U I ? n «mm ?‘ s mm* tlmt 

P . , f 

tlu*rt* will uh\u)H 1«* an iiifiiulo nnu4n i *4 i* 4 y ■*«- «• o*,.f , **u»* f»o raiii ot 
flit 1 bmnotiOH of tin* jvrttHln* rmio n t.io * A ho h lo- fst fb»' 11^14 ot tlir 
origin. Tht* umnorirnl vahtoH *4 ibo»* t«*«»ti<.ou l» i*-, ,m *I'otir 

imtation. Tin* rojintnulioij ,ib««^ *• *b»*w * ^ 

will rapidly itjipromdi tin* vain** him ! \\ « i > \ >> ^ f ^ !i»*k r '» f tvr 

and nunu*rioa!l\ Iohh than unit)* and i! I ♦ tf ti y m-a.itI*.*• and fttttwn 
ioally gmitor than unity. 
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There exist, then, an infinite number of positive real roots of <f> +jptan <£=0 
and consequently of 

av cos ar (/n— 1) sin = 0. 

(>8. The development railed for in the last article can he obtained very 
easily from a simpler one which wo shall now consider, namely, to develop f(x) 
into a series of the form 

f(x) *** (t\ sin fax + <f g sin fa,x -f* (t n sin fax -(-••• (1) 

where fa 9 fa, fa * ’ * are roots of the equation 

<f> ros + P sin <£=»(), (2) 

the development to hold good for all values of .r between a* = 0 and a* = l. 

Let us proceed as in Arts, 1*1 am! 27. (’all - = Ax and form n equa- 
* a “f” i 

tions by substituting for r in turn in the equation 


f{x) rq SIU fa,t' + sin fax -f- sin fax + * * * + fa x ($) 

the values Aj\ L*A,*\ HAx, ••• nXr; this being equivalent to making the values 
of the sum and the function coincide for the n values of x substituted. 

To determine an\ cocfheicut *t m multiply the first equation by A.r. sin (<£ m A.r), 
the second by Aa\ sin ('lfa H Xr) t tin* thint by A,n sin (llfa n Xr), and so cm, the 
nth equation by Aa\ sin (/o/» w Aa*); add the equations and compute the limit¬ 
ing values of the terms of t ho resulting equal ion as n is indefinitely increased. 
This as in Art, 1*4 is seen to l>o equivalent to multiplying (d) by sin 4> m xMx 
and integrating between the limits x 0 and x = 1. 

The first member of the resulting equation is 




J20 


BOLUTIOK <>K l*U< MlLKMS IN |*H YSM'S. 


[ 


i I X 

J sin ifox sin 4> m srM ® „ | | i*k ~ 4> m ^ ■*"* f 4 + 

I Psiu f t/»a “ _ s * n *i *b m 1 1 

* 2 L <Ai «k ? , «l*i ! <K, J 


4 I’O* Hill I/»,„ */>«» MU ||»| IMIH 

4' *l # / * * 


But 

and 


4 <’* is 4 h f / jt ut»4 ^ 

4>,„<'•>« */>,„ I /' ,;!l *>> 11 '>. v (->. 

Hence the numerator of the M-cmot immtiu-r nl , i; is /mi, ami the eo 
of «* vanishes if k is not equal to m. 

X i , f 

I sin* 4> m v.<!-r ■ss ~~~ | 4> m — MU if> m ei <t>„ 

t -v* 


',... •->«"] 
-*/>* J 


Therefore 


2 / % 

. j /i ' i MU . 

mu 2*|» }5r ** 


24, 


The coefficient of the integral in |t»i nm !«' tr.ifutlnrmt'd m follow# « 
to involve trigonometric function*. 

*f* m rtm 4 *m I /* ’on tf*, n l»y (2) 

$ m vu^4 m I f, mu 24„ t* i 

sin 24» c***, 3 ^ 

~2*-. ^" /• * ‘ 

^ /*' Hill 1 

«►*»* ! /*■ »«W4„ 

ll w . a ^ ., i # 

/* 4/ f f 1 

Hence by (7) and (8) 

i — %m ^ * *" ** M) 

2*„ 4.MV 1 

2 fjf f j, . f ‘i| A 

&nd a m *m !* * I A *iI nm » 

iJ + pipi hJ ‘ 

Therefore our required devriujournf m 
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From (10) it: easily follows that for values of :r between 0 and o 
/(•»•) = "i sil1 + "a sill a,.r -f „„ sin a ;l .r -|- 


( 11 ) 


wlioro 


-f" p* 

P 1 ) 


J./(X) si 


sm a m X.d\, 


and a m in a root; of the (‘({tuition 


( 12 ) 


ar con ar + p sin ar = 0 . 

It is to ho observed that if p is infinite (Id) redue.es to Hina<s = 0, a m 

becomes and (II) and (12) give our regulation Fourier Hina nodes (v. Art. 

dl), and therefore the ordinary Fourier development in nine nodes is merely a 
special ease of the problem just solved. 

Moreover since the Fourier method of determining the oooiiioionts of such a 
series requires that 


that is that 


j sin a m »r sin a n .r.d*r = 0 } 

?» 

H ‘“ " «,< si» («,„ + <z„V _ 


a m a 


m **« 


"T «« 


or reducing, that 


a m r eos a m r a n r eos a„r 

sin a m r sin a n a 


or that a m and a H should he roots of the equation 


«c cos rie 
sm ar 1 

wlmru p is some constant. it. follows that, we have obtained in (11) the most 
general sine development that eim 1 m* obtained by Fourier’s method. 


EXAMPLES. 

l. Show that the solution of the problem of Art. (*7 is 

*#» - # 

ru - - 2p< w e sin «,„/•, 

m - I 

2 u 'y ^ { hr-~ n» 


whore b m 

and a m is a root of 


+ hr {hr — 1 ) 


jVtA) 


sin a m \.dk 


ar eos ar -f- (hr — I | sin ar 0, 
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SOLUTION OK UUOltLKMS IN 1*11 YSK\S. 


[Art. (18, 


2. If the initial temperature of tin* .sphere is constant, ami equal to (i 

M ■■■a X 

= sin a «‘ r 

m « 1 

a ,<s r* u 4* (h ( ' 1 sin tt m n 

where b m = -'/j/c + ( „ ,,' „ = “ 

i«y +«*•• ■ 1 'M 5 . 

a m ) !**' i/*** It 

d. If tho temperature of tho air is a n;tiif y instead of zero the .surface 
equation of condition is 

l> t i( h [tt ~~ y\ w belt r »\ 

Tho substitution of «i» « — y* however* bring** the problem under Kx. t 
and wo got 


r(tt — y t 


, V;,. 


.*»4 ’f , 


411 fl„ 


whore 


jjr 1 q. //r | — I i 


| A|”/t AI — y) sin 


(4>/ An iron sphere 40 cut, in diameter in lira!***! t*» tIn* temperature 100° 
oontigrado throughout; it is thou allotted to enol in air u bud* m kept at. tho 
constant temperature l f , Kind t ho t «nn|#t^ rat in«at ! hr eeuite; at a point 10 
cm. from tin's centre; and at tho surl’.teo; Id iiimute-i alter eonltug ban hogun. 

Given a* =» 0,185 and h =« in t\G,S, unit-4, i%, K\. It, Alt. bfU 

.In* , nr.ld* ; tCMb ; 

r>. Show that if in tho slab rtmsidered in Art, thi one I,nv m exposed to air 

at tho temperature zero, ho that wo lutae f^a a 4 /*/ n , « t» when x = 0, 
«=/(*) when £=*0, and when thru 

rn m -Wr¬ 
it * tt m «r 

mm t 


where 



m\ a t 


AJk, 


a m being a root of an cos an -f* hn sin an » U, 
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0, If in the problem of Art. 5 7 Ik Nit escapes from one side of the plate into 
air at the temperature zero so that we have I); it -f- I>*u = 0, u = 0 when 
ir = 0, u> ==/(/) when // = 0 , and I> r it + Jut =s= 0 when x = a, then 


us=s^t( m (r a m v m\ a m x 

m 1 

a a + // a r , 

whore "«* — - + IJ ,/{ ^ Hm a '« X - f/X > 

a being a root of an eos a<t + /or sin an =0 . 

7. If in the problem of Art. 59 there is leakage at one side of the sheet so 
that we have />?!' + I>~}’ r = () when .r = (), F=() when y~b, 

l'=f(x) when y = 0 , and l\ r Y *4“ h /'= 0 when x = a., then 


«inh — //) 
sinh ajt 


where n m has the value given in Ex. 0. 


G<). If we have an infinite solid with one plane faee which is exposed to air 
at the temperatures T !'\t ) and heat can flow only at right angles to this 
fare, we ran solve the problem readily for the ease where the initial tem¬ 
peratures are zero. We have 

I> t n ~ n A I>^ it 

subject to the conditions 

tt — 0 when / = 0 

and t \ r n "f* h{(* — a ) — If wlum x = 0. 

Let ru— ^ I) x u. (1) 

Then v will satisfy the equation 

!> t n ™ 

and wo shall also have e — T when « = 0. 


Hintso U -» F(t) r « r *’ F(t — ( 2 ) 

Jsi 

by Art. 51 (10). 

/) r it — /ill aaas — /##* by (t). 

Hence wr'* r '=» — /i | t r "" kf nls + C ; 


v. Int, Cal. | 4, page *414. 
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SOLUTION OK PUOBLKMH \\ PHYSIOS. 


[A ex. 70. 


Determining 0 by the fact, t hat ar hi o u hen ./• » /»• we have 

U z~rz Itr ht If h ‘ Vtix . 


(») 


Substituting the value of /* from (2) we haw* 






)-v, 


(4) 


■;.»v s 

as our required solution. 

For an extension of this method to the flow »»f ft»\ti in twu ami three dimen¬ 
sions and for the interpretation of the rewdm h\ the ait| «»f the theory of 
Images, see E. W. Hobson, Proe. Loud. .Matin Soe., Vo], \f\. 


KXAMITKs, 


1. If the temperature of the air m a periodic tiiuetmi! of the time, sav 
p m sin (mat + k m ) and we rare onh for the hunt uu; \ alur <*{ u an / iuereases, 
show that this value is 



v. Art. 52 and Art. 51 Kx, 4. 

Note that (e°* sin krjr ™ ' V * '* m h * h 1 

J *P f /P 

and ‘ '' '' n * h fl 

J tf ; f h 3 

v. Tut. Oal. Tahiti of Jut. (255) and 

2. If Dj? P’f !>*V () t Peef) when // o and //, r I /ij K i/| — P] ws o 

when *r = 0 show that 


hr** 

7T 

v. Art. 47 Kx. L 




P i A 


•*' A } i A } f/P 


H). I he solution for an ins! ant am** *n * In*. if m i er of hi jenuf h tj at f he 
point x=%\ if heat escapes at fIn* *u i^jii info 4 it ,if fh»* tempera!me /er«», so 
that l) x u — int = 0 whim j- it, )»• j.| ,,! \n 
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Let v = /q + i($ where /q is the temperature that would be due to the given 
source it we had no boundary at tin* origin, so that 


Q (A .»•;* 
” . e ~ Auv . 

2ey7 rt 


Therefore 
when x = 0 • 

J>ut 


[Art. 53 (2)] 

/^ ~ // // ^ //j — //^j -f- /^ /o — h il> = 0 wlum x = 0 . 

" (/V'i —/'/fi) (1) 

O 


/ ^ U>2 /, ; 


= _ V / X \ 

lWtt/ 7 

when x = 0. 

This in easily semi to be the value t.o which 

/A + 

Of/vV/ 

reduces when x » 0, and this last expression i 


«. A i 

e” 4,51 


) .. 


t I# O <A f ►**)« 

( t>j 'f- h ) ps. c’“ 

2//V7T/ 

and therefore' satisfies the equation 

/>, u =3 //*/>* w ; 

7 <A » *»» 

sinc.e ^ - e **»r“ is the temperature due to a source at x** — X. 

If, then, we determine */„ from the condition that 


.A(A-) 


ca + 

** 4rt*r 


(?) 


(?) 


taking cun' not to introduce any arbitrary constant or arbitrary function of it 
in our integration, will satisfy equation (2) and condition (1). 

Integrating (3i [ v. Int. (‘ah § 4, page 314] and determining the constants of 
integration suitably we get 

o r <a i ot k r i. a ¥ -*>* »i 

/q — . r ' —* -/re** I r h * ~ 4*m * 

2oV7T/^ •/ J 

Therefore the solution of our problem is 


0) 
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SOLUTION OK KKOllLKMS IN UUYSICS. 


[Airr. 71, 


If we replace. Q l>y/(Ap/A and int.'^rat<■ from 0 to •< w.* got ns th«* Kolution 
for the. ease where '■«=/(/> wh.-n t 0 and .r.*o, and />,.« ~/n<=0 
when x = 0 

_ _ 1 _ 

tlaShrU 

For an interpretation <»f this result by the theun id Images ami the 
extension of the method to the eotiduetinu of heat m n dimensions nee <i. II 
Bryan, Bxoe. Lend. Math. Soe M \ ol. XXII. 



KX AMPbK. 

Show that if a=/(/) when / o anil l> t u }~ h\ /‘V» —• a J — () when 
jess () wo nmnt take u equal to the sum of the nemnd members of (f») Art. 70 
and of (4) Art. (H>- 

71, Ah another problem requiring u slight extrusion of Fourier's Theorem 
let ns consider the vihration of a reel annular stretehed elast ie membrane 
fastened at the edges, that in of a reetungular drumhead. 

If two of the sides are taken us u\e.H and the plane nf equilibrium of the 
membrane as the* plane of -V V the equation for the mot ion id the membrane is 

- i t /v *» (i) 


see [x] Art. 1. 


Let the membrane hi* distorted at the start 

ttlti 

* nnme given form x = 

,7) 

and then allowed to swing. 

i lur et 

juatioiiH e 

d riuiditU‘iiH are then 



0 

when 

s 

if 

(-') 

x 

i) 

i * 

x 

it 

0) 

x 

0 

•• 

»/ 

0 

(•1) 


0 

« * 

}l' - 

h 

(•’■•> 

x 

/(a 

>j) •• 

! " 

.. 0 

(«) 

A* 

0 

•• 

t •'•••• 

0 . 

(") 

Wo can get a partieular ho 

lution 

of (!) by 

our 

itMial deviee. Assume 



X 

r ** ® S*» » 





and substitute in (1) . We get y 1 ^ (fi m the only relation that 

need hold between «, /?, and y. in order that ^ — e ** # ** * *' may ho a 
solution. This gives 

y i. \fa* *j~ {{* * 

Therefore . c** **»"*' 

is a solution of (1) no matter what values are given to « and /?. 
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Itoplaoo a and ji by ai and /3l and wo have 


z = V (a,r + * ct ^ a2 + P 2 ) 1 

as a solution, and from thin wo get 

,r = sin (cix + fit/ ± ct \/a 2 + ft 1 ) 

and - — <‘<>h (a.r + fit/ ± ct sjti 2 + fjp) 

as particular solutions of ( 1 ), a and fi being unrestricted. 

From (8) and (9) wo oan get solutions of the following forms 

z = sin a.r sin fit/ sin ct Vo^ + ft' 2 


<*) 

(9) 


( 10 ) 


x = sin ax sin fit/ cos ct Va^+ 
x ~ sin ax cos fit/ sin ct 'Ja' 2 - f 
z = sin ax cos fit/ cos ct \/a^+ ji 2 
z “ cos a.r sin fit/ sin ct ^a 2 + fi* 
x cos ax sin fit/ cos r/ y/a^ + 

* i= oos a.r cos /jy sin ct Va** 1 + 
x ™ <‘os «.r otm fit/von ct Va? + ^ 

each of which will satisfy equation (1), The second of these will satisfy also 

(2), (4) and (7) whatever values be taken for a and fi. It will satisfy (3) and 

(5) if a and fi are equal and ™ respectively. 

If, then, we can so combine terms of the form 


. W7TX . HTTtf 

sm -.sin ;- 4> cam art 

a a 


m ,J . tv 


/>* 


as to satisfy (b) our problem will lie completely solved. 

This can be done if we can express /pr, #/) as a sum of terms of the form 

A sin —■ ™ sin —7^» the sum and the function Wing equal when x lies 

a h 

between 0 and a and #/ Wt ween 0 and k 
f(x } //) can be expressed in terms of sin - by Fourier’s Theorem if we 

regard \j as constant Wu have 


mrnc 


* s . til 71 


( 11 ) 


mm l 
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[Aut. 71, 


where 


2 /* 


Hin M . 7r ~ i!\ . 


f(X 7 y) in (12) is a function of //and may lie developed by Fourier's Theorem 


We have 


- x . x* # • nlTl J 


= l j.!\^ *ill (/ M • 


Substituting for /(A., //) in (12) tin* value jus! obtained wt- have 




, W7T\ , tiTTfl \ , itTTlf 

Hill - ■ Mil iiu I AH 

" If / It 


7/*P»*>** T ?♦).« 


Hence 


XT'/ a * wtrx . b«' j , « J i 

: a s,n * „.«*» ~t «* \ i hi ) 


where 


J rfhn = ^ j ( fa |/ f x, /*) nin W J* Hin , 


is our required solution. 


EXAMPLES, 


1. Show that it the niciubntue starts from if h jhim 1 1i «»ii of equilibrium hut 
with a given initial velocity impressed upon rm h point so that v ^ o when 
A = () and I) t z F{jr ) ,/) when / 0 the solution t» 


■-siSC- 


- 1 !».- , A 

v ,/* f //• 


4*. - i pA fnA, M) nin ,/ 

" f y %/ b 


where 
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2. 1C there is both initial distortion and initial velocity 


;£2 


whore 


sm sin SJ* 0,,. ,™ ,■« -y/” + i. + + <] 

I. 

u u 

/x) Hh> t siu t 


. W7tA . ?nra , 
sin sin 

b 


*/ a 1 /r 


,‘5. Obtain a particular solution of (1) Art. 71 by assuming 
where V is a function of t alone, .V of x alone, and Y of // alone. 


T.X. V. 


72. A number of interesting conclusions can be drawn from the results of 
Art, 71 and Fas. I and 2. 

(✓/) No one of the three values of is in general a periodic, function of A 
and consequently a vibrating rectangular membrane will not in general give a 
musieal note. 

(/>) A stretched rectangular membrane ean be made to give a musieal note 
by .starting the vibration properly. For if the initial rirrumstanees are such 
that the solution reduees to a single term, as will hi* the east*, if tin*, initial dis- 

tort,ion m tin* problem ot Art. < 1 be snob that ypr, //) — sm sm , 

ttlTTX ;/7T 7 

or the. initial velocity in Kx, 1 be such that /'V,//) =- l\ mn sin sin -. ^ ■♦ 

or the initial distortion and initial velocity in Kx. 2 be tin* values just given, 
then tin* vibration will be periodic ami will have the period 


t n 2 


w • . ir 


Since T is a function of m and n and m anti n art* any whole numbt*rs, the 
same membrane is capable of giving a great variety of musical notes of differ¬ 
ent pitches. If m and n are both unity we get tin* lowest note the membrane 
ran give, which is called its fundamental note. Its period 


It I v sftt 2 *4* //** 

# \ f# -i p 


If m and n are kith equal to k we get 


kr sf? + (i A * 



no 


SOLUTION OF PROBLEMS IN PHYSIOS, 


therefore the memhra.no can be made to give any harmonic of its futuhu 
note. 

More than this, ninety as we have seen 


s m M t tr 

r x I 

V a* /e 


is the ])eriod of any note the membrane eau giw\ amt siuee if m and 
replaced by ink and nk wo get 


the membrane can Hound all the Itunnnmc* of an\ note w lurlt it ran giv 
(j‘) In the ease considered above, where the m»Iui u»n mlijccH to the 
term 


. mirx . ivwtj T . , t j«’ J t n 1 , jm^ . w* 

: Kin — mn b «« nrt \ ^ | f - | *>,», .-irf f /<5 


. „ a 2(t Aft 

if :r = — , or • •, or — 
m m m 


(M | Ut 


o t«»r all \ aloes of 


, a 3 i in 1 'o . 

the. lines ,r = - ■ , x “ - * * * * • x imuam at rent during the 

m m m 


vibration and are nodes, The satin* thing in true *4 t ho hnc< 


h *3 \\h 

If ~ - * If - ~ * If 


71, If the membrane is square it may have much mote eotttfdteafed 
tlian if the length and breadth are unequal, an m the* e.me the period 
term of the general solution reduces to 


and there will in general la* two terms liming tin* name period, and a it 
note of the pitch corresponding to that period ma> t*e prodtn-ed by init 
eumstane.es that bring in both terms, Thus 


nvrx . nm/V . nrt , * jrt 

sin A m vtm — m f ft **m V «* J f n l 

« U L (t #i 


, . nirx t nmuT t nrt f vni ■, 

■f Hm — am ’ ^ I ^<m» ~V#«* | I f^ m rnn 
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is a form of vibration that will give a musical note. Lot us write this 
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cTTt r . W7r.r , m rf/ . ri . m rx . miry 

>s — v in " "4“ tr A Hin —— sin ■— 1 + H sm — sin -~— 

a L <* <* <t & 


4- s ] n J2L. sjnA -j“ n' x ( 1 si 

a L 


. w ir.r . niru 
sm — sm *—*- 

a <t 


, . nirx . miry H 

■f- H sm — sm -~— 
a a J 

7/ . W7n*: . W7T//"1 /f> v 

+ I) sm — - sm —— (2) 

a a J 


and in studying the forms of musical vibration of which the membrane is 
capable we may take* A, IK <\ and Du t pleasure. Consider the simple ease 
where A — ('and //™ D; tlnm (2) reduces to 

/ , . mirx . uiry . . mrx . miry\( cirt .-rn—;» 

I ’I sm — sm + o sm — sm ileos — ym ** + n A 

~ \ tt a <t <t f\ a 

-1- sin — vV + «' J ). (») 

Values of x and y that will reduce the first parenthesis in (3) to zero will cor¬ 
respond to points of the membrane remaining motionless during the vibration. 
Lot, uh consider a lew eases at length. 

(it) If m ~ 1 and n — l , the first parenthesis in (3) becomes 

. TT.r . 7 Tif 

(,l f D) sin ~ sm — i 

tt tt 

which is equal to zero only when x .. <> or // —or x~a or y zzz a , 

that is, for the four edges of the membrane. If, them the membrane is sound¬ 
ing its fundamental note it has m> nodes. 

(!>) If m -- 1 ami n 2, ne have 

, , it x . 2Try f „ . Vvx . Try 

J h iu • sm + D Hin — sm — ~ 0 

tt *t tt tt 

to give 1 the nodes. 

Li-t, //? ■(), tlii<n hin —niii ~ w '' -n, which is satisfied l,y = and 
" " „ , - 

iu addition to tlic elites th*" line // ,, is at rest and is a node. 


If J :0 
If Jz^/t 


is a nolle. 


, ir.r . Jiri/ . . ~irr iri/ 

hin —Mil -* ■+■ sm -—sm --*=<> 

i# it it it 


*rrx . tt#/ iry . . irx irx . w 

2 mu ™ sin nm — *« + 2 sm — ms ™ sm 8 

II i# a it it » 

, rrx , wt 1 iry . ttA n 

tun - mu -a (cos - •+• t*os —/ 

n a \ i# tt / 



182 



,f t/ , 

which is the other fliiigmiiil t»f the wjhu»»\ 

Other roltifbtiw between J uml H w d! en* *l‘i ik* tm rtim«H of the farm 

*n 5/ // f* i 

vtm m n 

ti I «? 

which arc eamly mutt fueled ami wfttdt *.!*% ,iii ugnm m through 

the middle jmirtt of the mjiiiir**, 

We give the flglinv fur a few of fhr 
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(r) If m = w = 2 we have 

(d + /0 «in ~~ sin = 0 
(t a 

to give the nodes, which an* merely the linen 
a a 

• r — 2 ’ a '" - ,/:= V 

This form gives the octave of the fundamental note. 


7T// 7 TX 

CUS i * —* (‘OH"* « « 
*t a 


or 


hr . ! :;)(™?+"»t)=-o 

t f y * ■- 0 ami x «|« if a, # 

IF A s-:: ft we get 


7T!/ 7r*r 1 

cos'* 4 -c<ih* —* rs 

n n 2 


or 


-V#/ , LV>r 

eon “•• 4- coh — k= — 1, 

tt ft 7 


('0 

if 

m ~ 

1 and 

a =■ 

:: WC hi 

avo 








* 

. . 7tx . thn/ 
t kui — Bin —^ 
tt a 

+ ft 

. «l7T.r , 7 Tit 

Hill —-81U -Ji»0 

a a 


» give the nodes. 









If 


0 we 

get. 



(t 

x = - 

4 

amt 

.__ 2n 
X = 



0) 

If 

/* = 

0 we 

get, 



a 

and 

2a 



(2) 

If 

A -■ 

— n 

We 

get, 













7 rx . tlwif 


**hrx . 

7T7/ 







Bin — 

sin — 

— Hill 

—— Bin 

•iix. 

= 0 







tt 

tt 


a 

a 




«in 

7TX 

a 

win 

vrjf 

tt 

4 cos 3 ^— 1 

tt 

— 4 COB 

a- 

O 

II 

i—i 

r-4 

+ 



( 8 ) 


(4) 


a Prigonomot rir carve easily countruHeeL 

For other relations l»-t w .**-n ,1 itml I: we get more complicated Trigonometric 
curves coming under the general form 




SOMmoN OK 1*10 HlLEMH IN PHYSIOS. 


which all agree in containing the pthnin 


/« <A /it 2*t\ /2fi rf\ /*2a 2tt\ 



MISOE T,L A N E 0 IT S PII0 B TJ E M S. 


I. Loijarlthmle Potential. I War ('oordinate*. 


1. Show that Djft>* r= t) becomes 

o; j r+ />,r+-^>/r=o 

we transform to Polar (•oordinates. 

i. If in l>* 1' + i I>,. V +1 1>*V = () 

lot /""= /iVh we get 

# = A com (uf> 4“ It nin a<f> \ <f> = Ae a *t> + 

r ov 

/»* = J t r* -}- /i t r « ) /f == Ai cos (a log /•) + Ih sin (a log r) 

>01100 


/"ssn 

r A cos 

r*= 

e at !> (‘oh (a log r) 

j J r =,(*osh a<f> cos (a log r) 

r=s 

r«s‘m 

rrB 

c ** sin (a log r) 

( P = cosh a<f> sin (a log r) 

i 

r- 

-L (.<>{.* a< ^ 

/ 

r cos (a log /*) 

' r=Hinh a<l> cos (a log /•) 

r 

4 sin 

' | 

1 

c sin (a log r) 

i 

' P = sinh a<f> sin (a log r) 


* particular solutioiiH of ( 1 ). 

1 Show that, if V satisfies (J) Ex. 2 ami r=/{ tf>) when r — a 

r C= * A„ -t- 2(f)’V. ‘'OH </> + Hill /«$) for r < « 


^ |« #*> * 

l P- 77 4 , + ( 4 * <’<># //*<£ + f/ w sin ///< 56 ) for r > ^ , 

m m 1 

«r *r 

«ro //„ T ^ pi*> cos and a m — ^ |^/*(<^>) sin m&dj* 
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4. Showthat if Fsatisfies (1) Ex. 2 and /" --=/(/) when <f> = 0 and r>() 


i . </> 
= — sin 


“ (A - li'K /') 

I /'(7 ,A ) — “ — fA\. 

/■ cosh (A — loj; /•) — cos <£ 


5. If F=1 when — and (></•< I, and /'=(> when <£ = () and 
r>l 

-:c- 

v HUl ./ 1 -\r. HUi • 


6. If F=/(V) when <£ — <) and f o when ^ ^ 




^ il 4(/^>«c,,s« ( A~I.. K ,•),/« 

Hinh /-fa 


= JL Hi C _ jV^tlk 

W fij i 7T ^ ' ..— 

— OOSll - (A — iojr ;•) — cos 4 

if O<*<0. • ' 

7. If F=0 wlien ^ = 0 and when 


f= <•«,« «(A - iok /■ 


.‘ ?Lt C /'V’*f'/A 


p »/ , 7T 7T 

- ** conn (A lojj r) -p<*<»** 1 " 4* 

P /i 

8. If F= X <V) when </!>“(> and /•<«, /‘™I) when <£=»/?, and 

F=0 when r=a 


l ~( , < 


.? 


"-?(*+-*;).7 J 
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9. If 

10. If 

11. If 

<l> = ft 

where 

12. If 
and F = 

where 

VI If 
and Fsss 

where 

14. If 

and F 


V= 0 when r= 1 , F = 1 when </> = 0 ? V= 0 when <F 
tun- 1 f 1 ~ 1,2 




l __ 0 when /*=!, F = 1 when <£ = (), F== 1 when </>: 


F = — tair' 1 

7T 


r 4---1 

Kill 2d) J 


V=A4>) whim /•=«, r=<) when <£ = 0, and K=0 when 

tm -- <y> 

?-'&.($•***& ^ -<• 

m - 1 ” 

W •** 

F = p) n Hin —if r > a 

m t*. 1 ” 


/*. 


i Hin d<*> and 0 < <f> < /3. 

P 


F ==/($) when r zzz a > F = 0 when r = b, F = 0 when <£ = 0 , 
0 when $==$, then if a<.r<.b and ()<<£</? 

r» h ... # wjr mff 

< a ft b ft P/r \-3 //A«r~] . W 7 rd>) 

* ,, ^ [y * ~ (;h J «- «>“ -7J.f 


1 Swiir Stmff 
I n. $ /> /J 


7* 


M 

J>W 


. rti7r<f> 

Hill — <!<j>. 

p 


r==/'*(<£) when rz^b % F = 0 when r=ns F=() when $ = (), 
: 0 wht‘n $ == /i t then if </ < r < /> and 0 •< <£ < 

in —« wf 25 

^ / a ft b ft F /As* . ///7rd>} 

1 -ii,« »LU*i 


• % . 3.-- «- 

*» t b ft — tt ft 


ft 


S™ 


. W7T$ . . 

am «r/<£. 

p 


F= r) when $ ~= 0, V () whim $ = /3, F = 0 when r = « , 
0 when r ^ 4* then if n < r < // and 0 < $ < /i 


- . . s i n |, 

y— V ^ „ log ^ I°K il * M7r(log r — log «) ) 

-d Hint. , " t7r P lug«-logu ) 

hig b — log n 


fcO|^ 
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where 


2 /» ,, . mirr 

.—.— i Y ( ,/>••'} sin dj\ 

log b — log (t ; ^ log b * log ( f 


'15. If V = ij/(r) when r "0 when </> n, /* --o w hen r = 

and V = 0 when them if tt*£r<Zft and 0 •■■C < f> <1 (i 


log /> — log (t . ///7T<log r log tt) ^ 

t.'K*- 1-K« "I 

log b — log a 


2 r 

whore a m = 7—7 ,.— I dn *tv 4 j s 

log b *— log ej T 


mirx 

in . , ■»- tlx 

log b --logo 


11, Rotentinl Fumium In Spare, 

1. Show that 

/(* r j//) = ;£« pfo I"^ | p(A*M) ms «lA -- ./*) eon /h/4. —//).r//x, 

» u * # ^ 

for all values of x and //, 

2. Find particular solutions of />*/■-}- /^F-f /^F -0 in tin* forms 

e *' ,v,,1f 1 fl? eon |ru* I fit/) 

V~ t* *■ <v# ‘* 3 * ^ sin f ax f /fy) 

Fs^; siuh x v4f J }- /f J » sin {ax I (it/) 

V— etrnh x s/tF f- /F, sin {ax I /h/) 

&<\ 

3. Given D* F+ F+ 1)'* F = 0, and when ^ — 0, solve 

positive values of x. 


Result: 



‘/I A* 

- XI 1 j [fl 



4. Confirm the result of tin* last example hy showing that if j\j\ //I is in 
pendent of y 



/(A./G'/A 

+ (A — xf 


Ex, 5 Art. 4 




POTENTIAL FUNCTION IN SPACE. 
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r>. If 7>jf r+ F+ / r = 0, and F = 1 when « = 0 for all points 
within the rectangle bounded by the lines x = a, x =— a 9 y= b, and 
y = — b ; and F = 0 when « = 0 for all points outside of this rectangle, 
then 


‘j?r r= 


* c* + i sin --. .(!-?)■•*(*-//)* - -*)*+ (*-?/)*+«»] 

v' p — a 2 P ~ • r ) ,J P ~ nY +•-''TP — “O 2 + P ~ y )' 1 + ~ 2 ] 

. 1 Hiu ., .P + ')'■V> ~ ffl - *10 + «•)*+P- ?/)*+«*? ) 

li ' (a + .r)’\/i — //)'- + ,*:“[(« .r) a + (l> — i/f -j- « a ] i 


, _ h + a j z . i .p - •'•A* + yy - *t(« - *)* + p+ */)*+«*] 

Vp + a)' 1 t - ^ p ~ r ) i p + //)■ + * 4 [ p - :r ) a + p + //) a + ~ : 'J 

, 1 sin p + •'•>*(* + //)* -r[p + A ‘ J +(?>_+!/)* + <] I 

_r a p+.'•)■(*+#+<p+^+p+# +>] > 

ir —u < ;r < it , and 


4tt T — 


Vp 


sin 


■ Hill 


i p — •'Pp — — ."'■‘[p — -r) 18 + {( > — y) a + a 3 ] 


{it — .<•)“(/' ■ 

(" + .«Pp ■ 

(ft “f- ,/• f J (/> ■ 


, _ /» + //„ J ■ ipj'Pp + 

Vp +//) 3 ^ i" ~~ ■ r) V ‘+ 


■ Hill 


//)* +;AP - + p - yY +**] 

//) a - * a [p + ^) a + p \ 
yY + »'TP + ■*•)* + P - //)*+P] J 

yY - «*[(« - - r Y + p + ,P a + .- a ] 
yY + — • r ) 11 + P + nY + * a ] 


-i P A• r > a p* 4 -//)* — g a [(« + s , ) li + P+j/) a + iflt. 

{it p .i’Y\h i/)'* "f- .r)^ “j* {f> -f- i/)'* -j- j 

if x < — « ur 

(». If t.lii> vuliu* of thi> |i<ii(')itial function /' is given at every point of the base 
of an infinite root-angular prism and if the sides of the prism are at potential 
zero the value of V at any point, within the prism is 

m * ft . * « b 

4 ^ ,»P»’ »' . unrx . ///7r// f ^ /v v . . /«7rX . firry. , 

V = -^j t 2 y JLf r V,,a M S1U SIU j 1 I M) Hm H,n ~y~ 'O- 

m i n 1 u » 

If |.' r r= 1 <m the* bane of the prism this retluees k> 


/« *.#_ nm 

JW U> •^v * U a f 1 U* 

; ^ 2y 


. (2/// + I )7r^ . (2^i + i)7ry 
m •' - - — Bin ^ 1 —^ 


»«U m tl 


(-*/« + 1) (2a + 1) 


7. If the value of the potential function cm five*, faces of a rectangular 

parallelepiped, whose length, breadth, and height are a, and e P is zero, and 
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if the value of Via given for evt*ry point, of the sixth fiuus, then for any 
point within tlio parallelepiped 


mmm 

v— % 5) ■'*"*'» ■ 

m*» l **■ l 


lilt* II* 
Hinh 7 rp' .v) \l— ^ 

Hinh we 4- 


. wtrr . 
am ■— am 
a 


wry 

b 


* it h 

4 r t /•, , . wtrX . w7ru , 

where rfAJ ./(*• v) *>» «»> /( ■ 

U « 


8. If the value of the potential function in ghen mi two opposite fanes of a 
rectangular parallelopiped anil is zero on the four remaining I'wen, then within 

the parallelopiped 


where 


and 


w- » n -** Hinh 7T(e • 

r-XS' 1 -- 


lw* r> 

»•* . 


mwj* . iitti/ 


Hinh ire \ 1^7 

I in 1 « J 

mmmttmm Hildl Tf.t V "-'7 f 77 

+ X 2 "- \ , 

•“■"t » 4 / Ifl J #7 

wi *~~t Hinh we %/« - 1 ..« 

\ *# v| 1 h* 


K1 11 ■— hhi f 

tt b 


mrrx , rnrt/ 

Sill - mil 

ti it 


. 4 /* t. /* . /«wA . nrrpL t 

Am '***tfj ,k l /(A ’ M)Hlu „' M,, ‘ t,~ 1 * 

» 11 

» ft 

i /* /* % , , WffA . liTT/4 . 

7/,) ,K J *'» *>“ i, < ! n- 


”4f %’ 

0 <» 


9. If the value of the potential function in given at even point on the surface 
of a rectangular parallelopiped, wliat m it h value at any point within the 

parallelopiped? 


IIL ('tmtittriitm nf limit in tt /V#mr, 

1. Find particular solutions of /*,u ##*( /r* »* f - h*n\ of the forms 

ii =£=#«■" * r *’ >f st 11 (ar I ft if) 

u ss; 11 * 111,1 caw fyiJ* i ||y 1 , 

% Given the initial tampmltire of every jkiiii! in a thin piano plate* find 
the temperature of any point at any time, 
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-00 —00 


00 00 

: «“0* + 2«V^./3, y + ‘2a\ft.y)dy. 


3. For an instantaneous so?(w, of strength Q at (A, fi) 


,, _ V O-^ + CM-y) 1 
4™^ 


v. Art. 53. 


For an instantaneous doublet of strength P at (0, fx) with its axis perpen¬ 
dicular to the axis of Y 


Pf 

V HirtPi* '' * la5! ' 


v. Art. 54. 


For a permanent doublet of strength P at ((),/*) with its axis perpendicular 
to the axis of Y 


u * 


37 TfP a* a + (M — //) ,J 


( it tU 


If the strength of the doublet were Pdfx anti the heat were uniformly 
generated and absorbed along the element d/x of the axis of Y beginning at 
(0, fi) we should have 


zL±S£jzm£ 


u *= —r w 

Anrtt* 


xdfx 


yi -|- (/i — //) a 37Tt/ 


P —»/> 9 , . , Ut—~ If 

— = —- ^ tan- 1 -—^ 

i/r lira 1 x 


u, —— if 

and since d tan 1 * —• is the angle A RA\ where A and A ' are the points (0, /x) 

and (0 yfi^dfx) and Ji is the point (y //)» it = 0 when x = 0 unless 

/* 

/a <//</x + <//x, in whieh ease a =~ — if approaches zero from the 

positive^ side; and //0 when t 0 except in tin 1 element f//z. If then 
?/ = () when / 0 and u ==/(//) when *r = 0 we have only to suppose a 

doublet of strength 2tt'\f(x)dx placed in each element of the axis of Y and 
then to integrate; we get 

xfijA 

yj -p (/ u —#/)!» 


. »y ir' 

*".j" t" . “ .,*j * 


a — - I r 4*>v 

7 rj 

For a permanent doublet of strength J*\t) at (0, fx) we have 


Hint 


j r {l ~" T)~*j'\r)dr 


1 « - a* 

2ttu 8 + (M- — //)* ' it! 


+/, 


3 + (/X —y/ ***-« ( T 


] 
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From the reasoning above this must he zero \\ h«*n / 0 exeept at the point 

(0, jjl), must be 2e 2 /*\/) at. the point ph/m. and o at every other point of the 
axis of V when t is not zero, 

lienee if u = 0 wlirn / -- 0 and n /*'<//, t\ when x o 


7rj / J + (p — //}* 


.»•» tt* 
it fit 


jof 


I /* ** 


/h /*'( /an 
; 1 </< ,/r’' 


' i i M 

».e<* t, (ft. 


For an extension of this solution h\ the method of images to tin* ease where 
there are other rectilinear boundariesami for its applieation to tin. rorrespoml- 
ing problems in the flow of heat in three dimensions see F, \y, Hot,son in Vol 
XIX Proe. Loud. Math. Soe. 

4. If the perimeter of a thin plane reefamndar plate is kepi at tin* tem¬ 
perature zero and the initial temperatures of all points of the plate an* given 
then for any point of tin* plate 


m c:« nm» 

%XX' 


•■■'(i I’ 


, aiTTX , HTTij 

Hitt , sill 

/# e , 


j ‘IX 


il\>£4 8 


• M7T\ . MTU , 

nti sin -tlfi. 


if l> is the length and e the breadth of tin* plate, 

5. A large mass of iron at tin* temperature u" eoiituins an iron eon* in the 
sliape of along prism *10 eim stpiare, Tin* rose is tvsnoied ami heated to the 
temperature of 100° throughout and then replaeed, 1’md the temperature of a 
point in the axis of theeore fifteen intitules uitmiunl. <*n eti tA jSo in 
(UPS. units. ,| WJ(ii 

(n If the prism described in K\, b alter being heated t»* par has its lateral 
fae.(*s kept for in minutes at fin* temperature i» find the temperature of a point 
iu its axis. 2<r,8. 


I\* ( nittiartttm nf Unit /n ,V 


tjf/tit r , 


1. Show that 


m /*> 


j j /*• r t e*»n ii| A x I t’lw eoH 

« <» » -\ - , 

, t —Vf J '* //» vl 

for all values of x, //, and aa 

2. Show that 

m ♦*« w, h «* # |> — « 

/('.».=)■ x X X- 1 -- 


SI* 


»t "•* l Kl J. - l 
rt b 


where A 


m.n.p ’ 


■■ v--T"» 


for 0 < .r < «, (!<//</,, 


: t , 
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3. Obtain particular solutions of ]) t u = + DyU -j- D*u) of the 

forms 

1 / = ,,-«*( «»+P a + 7*)f K j„ ± fiy ± y ~) 

„ = ,.—*(«»-*■ n> + 7>)( ( . 0H ( a .,. ± ± y ~). 

4 (liven the initial temperature of every point in an infinite homogeneous 
solid find the temperature of any point at any time. 




<0 0 (fit 

P’ Pt/fif r~y\/y I e'* ( ’/b <, + -"V^./3,.y + hWi'.y, ;s + LWf.S>/8. 


1 

r K\ 


f r >. IF the surface of a, rectangular parallelepiped is kept at the temperature 
zero ami the initial temperatures of all points of the- parallelepiped are given, 
then for any point of tin* parallelepiped 


.-SSSs-.'■ ■""<» 

m l n 1 p • l 


•I 

f/a i 


, . ///7r,r . 

sin — — Bin 
o 


liTTlf . pTTZ 
Sill T~ 
C (l 


h c ,i 

, , H /* /V /* . . % . mirX . W7T/a . />7rr 7 

where M I | tip I s /{X,/i»r) sm sm —jy- sm rfy. 

0 I! 0 

G. An iron euhe 40 tan. on an edge is heated to the uniform temperature of 
100° Centigrade and then tightly enclosed in a large iron mass which is at the 
uniform temperature of 0‘\ Kind the temperature of the centre of the cube 
fifteen minutes afterwards. A ns., 0<S°.4. 

7. An iron euhe 40 cm. on an edge is heated to the uniform temperature of 
KKK and then its surface is kept for fifteen minutes at; the temperature 0°. 
Required the temperature of its centre. A ns., 9°.il 
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ZONAL HABMONICS. 


74. In Art 16 vre obtained 

* = A Pm( x ) + B <lm([ x ) C 1 ) 

[y. (6) Art. 16] as the general solution of Legendre’s Equation 

+ + ( 2 ). 

to being wholly unrestricted in value and x lying between — 1 and 1; where 


!>*(*) “i- 


and 

2*0*0=*- 


TO (to -f1) ^ , to (to 2) (to + l)(m 4" 3) 


2! 


4! 


TOl 


(to — 2)(to — 4)(7^ + 1)(to + 3)(to + 5) [ ^ 


(to — 1)(to + 2) ft . (to — 1)(to — 8)(to 2 )( m 4" 4) 


3! 


5! 


(to — l)(m — 3 )(to — 5)(to + 2) (to 4" 4:)(m 6) ^ ^ ^ 


and we found 


F = r m p m (cos 0) 

^J^TTi-P*^ 008 *) 

V=T m q m (COS 0) 

r —^TlSm («»*), 


( 5 ) 


to being unrestricted in value, as particular solutions of the special form 
assumed by Laplace’s Equation in spherical coordinates when F is independ¬ 
ent of <t>; that is, of the equation 


rB r \rV) + ^D*(sin 0D 0 F)=O. 


( 6 ) 


* Before reading this chapter the student is advised to re-read carefully articles 9, 10,13(c), 
15,16, and 18(c). 
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For the important case where m is a positive integer we found 

* = '</»(*)+ /##»(*) (7) 

[v. (10) Art. 1(5] as the general solution ot' Legendre’s Equation (2), whence 

V— r m r m (cos ff) 

V=r m Q m (eos 6) 

are particular solutions of ((>) if m is a positive integer. 

/> "*(" r ) “ ml 


( 8 ) 


(2w - l)(2w-.‘i) • • A [-.. -J1 ,m-2 


2(2>— 1) * 
in_(ni — 1)(«/ — 2)(w — 0) 

~ r 2.4.(2« — l)(2w.—;{) 


•] « 


[v. (8) Art. lf>] and is a finite sum terminating with the term which involves 
•x if m is odd and with the term involving .r° if m is even. 

It is called a *S Uirfans Zonal Kannoniv, or a Leycm/re\s (>oe(fir.lent y or more 
briefly a fnajendriati. 


m I 


. * 4- ”f“ * M/" ^ 

L>r //i • i “i”' 4“ a) ’ .r" 1 * 8 


C",(- r ) i >( o„, — i) - ■ -1 

(/// 1) (/// ™f" 2) (/// ”|-»5) (w 4" '5) 1 

2.1.(2w +:i)(2« +'5} J"‘ 

if .<•<— 1 or x> I. fv. («.)) AH. 1(5.] 

It is called a Snrfttcf /.until I/nrnioiiir of the xtrond kind. 


+ 


i +' 


■] (I'O 


m 4* l 


Om—1 

*j 




F(m + 1) 


Pm(x) 


.(- 1 ) 


•H 2.4.0. • • ■ (m — 1) 


;i.r>.7. m 

[v. (13) Art 1 (>] if m is odd and — 1 < x < 1. 

-[r(f + 1 )J 


Pm(x) 


( 11 ) 


«.(*•)-(- m 


!'(/» +1) 


. , m 2.4.(5. •• • m. 

:(—!)» 


i.ar>.—i) 

[v. (14) Art 1(5] if m is even and — 1 <x< 1. 


!?«(*) 

?»(*) 


02 ) 
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f Aht. 75. 


In most of the work that immediately follows wo shall regard .<• in /*,„(,r) as 
ocpial to c.os0 and therefore as lying between -- 1 and 1.* 

75. In Article !» the undefenuinetl eoctlieient n m id in /’,„(.r) was 

t*Jm — i Ml*/// •»> *•* 1 «. ... . „ 

arbitrarily written in the form ^ I'.r reasons which shall 

now be given. 

In Articles !) and Hi l‘„,{■<■) was obtained as a particular solution of 

Legendre's Equation 

0 ~ v '’' h . * * u • u 0) 


by the device, of lUtsumiuK that, .r eonbl be expressed as a sum or a series of 
terms of the form tt„s* and then determining the eoettieients. We can, how¬ 
ever, obtain a particular solid it.. Legendre's Kipution In an entirely differ- 

cut method. 

The potential function due to a unit of mass concent rated at a given point 
Uu «i) is 

r=- « (2) 

Vpr — .r,) 3 -}' I if" ili ' 1 }• I'- 

and this must be a particular solution <d l.aphtee hipmtion 

/».-r f (>;!' It, (d) 

as is easily verified by direct substitution. 

If we transform (2) to spherical coordinates using the formulas of 
transformation 

»r r rn.s 0 

i/1 r Mil 0 nth </» 

% r Mil if Hiu 4* W<» get 


v—~. ..— , . <-n 

\/ 2 — 2/v l [<‘tm (hnm 4 J *iu # wn (i t emf */> - «/>,»j f r, 3 
as a solution of Laplace's Equation in Spheneal ( ourdinateH 

r/t r Vr) + Kii I ^/t, ( si 11 fl/^r, »• J a# !>IV It i vm| Art. 1. 

If the given point (jt x , t/ x ,x l% ) in taken on tin* axis of X u* it must he that 
(4) may he independent of 0 , and 

1 (r.) 

V r’ J 2/r, nts (i 4 r* 

* English writers on Spherical Hnniiniilcs generally u**e n In place «»f x for ms 0. Wa 

shall follow them, however, only when we shoutl thetehy avoid ei»stfti«h*!t. 
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is a solution of 

rl>*Q- V) -f - 6 J) e ^m6J) 0 V) = O. 

Equation (5) may bo written 


f l — 2 - l cos e + 4- 


\ t — 'J - COS $ + 

\A — ite eos 0 + i« finite and continuous for all values real or complex of 
It is double-valued but the two branches of the function are distinct except, 
for the values of 2 which make I —2,?cos 0 + ^ = 0 namely -==eos 0 + /sin 0 
and r: = eos 0 — / sin 0, both of which have the modulus unity and which are 
critical values. 

- is finite and continuous except for the values of 

VI — cos 0 + z* L 

z = eos 6 — / sin & and z zzz <*os $ -f- / sin 0 for which it becomes infinite; it is 
double-valued but has as critical values only those values of z. It is then 
hoi amorphic. within a circle described with the origin as centre and the radius 
unity, and can be developed into a power series which will be. convergent for 
all values of ;; having moduli less than one. (hit. dal. Arts, 207, 212, 214, 
220 .) 

1 

If then /•> r* — ^ ; can bo developed into a convergent s(*ries 

\l 1 * COS & -j-* 


involving whole powers of -b 

^ t'"* [ 

Let 2jP m ; be this series, // w , of course, being a function of cos 0. Then 


iv !k 

rZfi''* p" 


[v. (7)] is a soliditm of (B). Substitute this value of V in (f>) and we get 




rfir)]" 0 - 


As this must hold whatever the value of r provided r> t\ the coefficient of 
each power of r must he zero, and henee the equation 


dr * % ( hi “ 6 '!/*) +m ("‘+ 1 ^ =0 


must ht* true. 
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[Ai 


But as we have seen in Art, d tIn* ituti**n «d r -• # in 0tj rei 

it to 


tl*H *U 4 , . , * 

(i — .c a i /;" •-•<• : * >« . »* ■ !'/'»„ ~o. 


and therefore ■ /'«• 

is a solution of Lt'Komire’s Kijuatom 1 1 < 

If r^Ci'i ■ ^ >.ui !«• i|i-s, inf<i u mu wrjp’nt 

y/i -~\hw» 4 ; v 


involving whole powers of • 


Let SjpJ-2 U(t this Hern*. Then 
*~( r* 


I ’V,,./ 


(v. 8) is a solution of (<t»; MiMtittititd m »io *«* 

I 

‘ Mill 


whence it follows m More that 


r , 


is a solution of Legendrek Kt}imt}nn. 

But p m is the eoelllrient i»t thv mill |*<o%rr of — in the ilrvtdejut) 

/ r g»\ ' r , 

m — o — con $ 4- I * noenfihnu h • i^oiriM »»l , «*t • *! fit*’ itifii power o 

v A '•?' , r, • ** 

the development id fl.rmtf f ,| ; iMVMtdmg !<* *if 

more briefly it in the o*»e!Heteut til tie* infli »*! 1 m tlir «l*»%«*!*#|*m 

(1 — * 2xx “f" * J ) i iwvordiiig to |«ott«*t'» * *1 t, # Mf.,Mi*iun: Lu *« <? t H 

(l -Zn fdt I J I ;«] I 


and can be deveiejied by the 1Iiih»iiii,iI ThrMirin , t ho »*»n- ftU tent id % m is 
picked out and ia 


(2m - f 

ml 


?« i in j i 


J, 'Jin * I 


m< : m I i i ill If If in .- fft 

I .r * 

V f - l ,si 


But this is precisely Pjrl (\, At? 71 At < 

Hene.e P m (x) la eiftml to Ihe rorffu in-? <d the mtli power el 
the development of ft ■ ■ 2xx j d j J mii» .» j#.wer ?»rne*, the in««iiilii 
being less than unity. 
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7(>. If .r — 1 /^(.r) — 1 . For if x = 1 (1— 2xz -f- ;r)-i reduces to 

(1 — 2r: + r:~) ' i that is to (1 — r:) ~ 1 , which develops into 

\+s + z* + * + z* + ---, 

and the coefficient of each power of z is unity. Therefore 

n,(0 = I. (1) 

We. have seen that if m is oven P m (x) contains only even powers of x and 
terminates with the term involving .r°, that is with the constant term. 

The value of this constant term can hi* picked out from the formula for 

tn | •> , ... _ 1 \ 

/*„*(•*’) [ v - A 1 ’!- 7-1 (h)J. If is (-— 1 ) a — (fT.T m > ()r ^ ( ‘ au he found as 

follows:* If is clearly the value* f* m (x) assumes when .r = 0; it is, then, the 
eooflicient of ;: m in tin* <h , v<‘lopm(*nt of (1 -f- ;/■*)- | ; hut 


(!+*■> 




» •“ 1 3 S * * * (in " •' • p 

and the coefficient of m being an even number, is l) a —. 

J.4.() • • * m 

I f /// is odd I* m (x) contains only odd powers of x and terminates with the 
term involving x to the first power. f flu* coeflicient of this t(*rm (tan he 

nicked out from (P) Art. 7*1 and is (—1) a m * ol . \f t ( . an 

1 • * * (w — 1 ) 

found as follows: If is elcarly the value assumed hy w hen x = 0 . 

* ’ dx 


It is, then, flic coefficient id' x m in flu* development of 


(i +V J )i 


(i 




«> '** « «> t 1 


..7 r . 

2AJ]** n 


A At * • • (m — 1 ) ‘ 


m-i d./>.7 * • * m 

and flu* coefficient of x M in this development is (■— 1) a 
?u, being an odd number, 

77 . To recapitulafe: 




i.:l 


• (2m — 1) 

w! 


i« w —.— V *"*** ^ 


m ( m — 11 
' 2{2m — I) ' 


m ( nt * 1 \{ tn —- p m *— «U m m i 
t.CJ/c — I )(2m — 2) 

m i m *- | u /// — 2) (7// — dli m — 4 )(/// — ol 
2. — 1 \\2m d H'2m ~~ oj 


•]■ <*> 
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[Art. 75. 

Bnt as we have seen in Art. 9 the substitution of x = cos 6 in (9) reduces 
it to 

o- ~ x2) ~<tx> ~ 2x + m(m +1} Pm =l °» 

and therefore z—Pm 

is a solution of Legendre’s Equation (1). 

If r < r . .— ^ can be developed into a convergent series 

* l r» .A 


y/l-- 

\ r x 


can be developed into a convergent series 


cos 0 + o 
r? 


involving whole powers of — • 

Let 2jpm — be this series. Then 


V — Vi 2^Pm r „ 

(v. 8) is a solution of (6); substituting in (6) we get 

V rAL m(m + I)jp m + AL _A A /sin e _ o, 

^ 1 ?Y H + 1 sin0^0V dO / J 


whence it follows as before that 


is a solution of Legendre’s Equation. 

But p m is the coefficient of the mth power of — in the development of 

/ T -/A-- x ^*1 f 

1 1 — 2 - cos 0 + ~ ) 2 according to powers of —, or of the mth power of — in 

V n *T/ ( ° r ? ,2x_i r x ’ r r v 

the development of — 2 — cos <9 + ~ 2 J 2 according to powers of —, or 

more briefly it is the coefficient of the mth power of z in the development of 

(1 — 2xz -j- z-)-\ according to powers of z, x standing for cos 6. 

(1 — 2xz + s 2 )“i = [1 — z(2x — «)]- i 

and can be developed by the Binomial Theorem; the coefficient of < 3 ™ is easily 
picked out and is 

(2m, — l)(2m. — 3) • • • 1 T _ m(m-l) 
ml L 2 (2 m -1) * 

m (m-l)(m-2)(m-3) _ 1 

T 2.4. (2 m — l)(2m — 3) J' 

But this is precisely P m (x). [v. Art. 74 (9)] 

Hence P m (x) is equal to the coefficient of the mth power of z in 
the development of [1 — 2a* -f- z 2 ]- i into a power series, the modulus of a 
being less than unity. 
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76. If x = l — 1. For if x = l (1—2xz-j-z 2 )-i reduces to 

(1— 2z-{-z 2 )~h that is to (1— z)~ l , which develops into 

1 + z + z 2 +z 8 + z 4 -j -, 

and the coefficient of each power of z is unity. Therefore 


i^(l) = l. (1) 

We have seen that if m is even P m (x) contains only even powers of x and 
terminates with the term involving x°, that is with the constant term. 

The value of this constant term can he picked out from the formula for 

PJx) [V. Art. 74 (9)]. It is (-1)f — f' ' ■ ( w ~ ; or it can be found as 

follows: — It is clearly the value P m (x) assumes when * = 0; it is, then, the 
coefficient of z m in the development of (1 -f- z a )~ 4; hut 


(l + s 2 )-£ = l- 


1 2 , 1.3 4 

r + M z 


1.3.5 


2.4.6 


1.3.5.7 
2.4.6.S ; 


-13 5*" (vth _i") 

and the coefficient of z m , m being an even number, is (— 1) 2 —~——l.- } - . 

v 2.4.6 • • • m 

If m is odd P m (x) contains only odd powers of x and terminates with the 
term involving x to the first power. The coefficient of this term can he 

m~~ 1 O K rr . . .^ 

picked out from (9) Art. 74 and is (—1) 2 ^ v ; / ^ y ; or it can be 


2.4.6. •• *(m — 1) ‘ 


found as follows:—It is clearly the value assumed by 




dx 

It is, then, the coefficient of z m in the development of 


when x - 
z 


: 0. 


(l + * 2 )t 


(1 + z 2 )%' 


\z 8 + 


3.5 
2.4 ‘ 


«*- 


3.5.7 


2.4.6 


t* 7 +' 


and the coefficient of z m in this development is 
m being an odd number. 


m- 1 

(_i) 2 


3.5.7 ■■ - m 
2.4.6 • • • (m — 1) ’ 


77. To recapitulate: 

r„<»> = [«■- 5^=^ *— 


2 (2m -1) ' 


1 m(w. — l)(m — 2)(m — 3) 4 

^ 2.4. (2m — l)(2m — 3) 

_ m(m — l)(m — 2) (m — 3) (m — 4) (m. — 5) 

2.4.6. (2m — l)(2m — 3) (2m — 5) 


'+■•■]. ( 1 ) 
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[Art, 77. 


m being a positive integer, is a Surface Zonal Harmonic or Legendrimi of the 
mth order. It is a finite sum terminating with the first power of x if m is 
odd, and with the zeroth power of x if m is even. 

P m (x) is the coefficient of the mth power of in the development of 
(1 — 2x.z + 2 2 )~i into a power series. Hence if < 1 

(1 - 2xz + *■)-* = Po(r) + /\(xfv + />,(,).-* + P 9{ sU* 

+ P^P)-** + P &(•*') •?* + ’ ’ * + f\„(x).r: m + * • *. (2) 

Whence 


. r—T—-=T3fi =l T y '’( (,WH *> + 7 /, ‘( (!<w 0} + i / ’=«‘‘‘* V + 

yr* — 2rr x cos i L t * 


+ ~ e,„(c«s 0) -+- • • • if /’> r , 


= i ^/‘ ( )((!<)S &) +~ (h -f- /’.,(C»S 0) -f- • ■ 

t M “I 

+ P 6) H-J if ;•</•, 


i- («) 


* = e m {x) 

is a solution of Legendre’s Equation 


(1 _ yj) f — 2r + m(m -f 1)~ =* <> 


when m is a positive integer. 


and 


r= r m P m (yoH 0) 
r ~ Jn C m (vm 8) 


are solutions of tlio form oi Laplare*n Equation in Spherical Coordinates 
which is independent of <j>, namely 


rl)*(rV) + H j ([ q /<*»(sin 61 />»/') = <>. 


0) 


/UD==1. (fi) 

i am ( j ) ” r$ m (j‘) . (h) 

A. +1 ( a 1 ) = —- /’ 3m+ , ! (j - ), (7) 

/, 3 » + i( ( >) = 0. (8) 


A»(0) = (-1)"' 


1 — ,2. 
Xo. 


W ■ 

7b. 


i) 


(«) 
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r^A m+i(’ r ) ~| _/ iw, ’1.5.7. ••• (2m. +1) 

L <!■>■ J,_„ ^ 1 2.4.0. ••-2m 


( 10 ) 


For convenience ol' reference wo write out a few Zonal Harmonics. They 
are obtained by substituting successive integers for m in formula (1). 

= 1 >, 


7> r ,~7(tr»+in,) 

!'„(,•) ; rr ( 2 .'it.r 11 — :iliV‘+ 10fw 4 —«) 

1 O ' 

!%{■>■) * ; ( i2«>.r 7 — <>‘Ki.* n + :ur>y — :w>x) 

/*„(,') r.,-? 1 (0.l:in.r“— l201hV« + f)‘.):U).r 4 — 1200.r‘-|-.‘Sr>). 


( 11 ) 


Any Surface Zonal Harmonic may he obtained from the two of next lower 
onions by 1 ho aid of tin* formula 

i" + i O’,,,,(,•) — c_'» 4-1 ).»■/*„(.»•) + ar „= o ( 12 ) 

which is easily obtained and in convenient when the numerical value of or is 
given. 

Differentiate (2) with respect to x and we get 




whence 


.,,j - 0 -+ **)< A(a) + 2P,(x)a + 3/>,(*).*• + •••). 

Hence by <LM 

(1 - 2« + **)(/*,(4*) + 2 f’,(.r).x + Al\(x).x* + • • •) 

+ - ,•), /*„(,•) + + r^u *+•■•)“'0 ( 13 ) 
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(13) is identically true* horn*** flu* metlietejif of isu*!i |»ow*»r of x mmt i 
Picking out the coefficient of x u and writing it »*»jual to /em we have h 
(12) above.* 

78. We are now able to solve completely the problem considered la 
We were to find a solution of the ditiereutml eiput mu 

rIKhrV \ ) 1 .. t^ux H !**V i if 

mu a 

subject to the condition 

f . •*/ 

I r , . „ t when II " tb 

t c- p/-»J 

We know (v, Art. 77 ) that 

|V r"*/\, fl n.n< 9 > 

and r- r ,!it u ) 

are solutions of (1), 

For values of r < a 

M Mr i r* t,:i r* ,• n 

(r* + >71 *“ 7 1, 1 ~ 2 + 2.4 r 4 2. Mi **• ' J* 

Therefore for values ot /• < # e 


o L. v 


: 


Id! r* 

HA r 4 


/*i f r<es fit 


I a r* 


/’ fi fetel #) «f. * * * 


is our required solution« Ina'iitiM" each in in mif mfie« etpmtmii |l|»i 4 iitl 
fore the whole value satisfies f 1♦, ;nn| * hen § ii 

/* w t 1 • l 

[v. (5) Art. 77], amt lmtn< (t) mluw* t«. <;h n U <i s . rnktiKHodL 
For values of r> <> 


J/ 


(«*+>)! 


■?[ 


1 r 3 lit* 

i 4 'I 

2 /•* 1 2 -1 ,♦ 

I :*«* 


M P- , ‘-V f 

L ' 4 1 2 f 


1 ;t.% * * 

;* ill 

j ;i l 

2 i t; i J 



* For table* of Btirfm* Zonal lliir«iir*iiirn i AhciMh i I iiml II, 



Ciiat. V.] 


PROBLEMS IN POTENTIAL. 


153 


Therefore for values of r > c, 

M Fr 1 r a 

y —7 L; /, ° ( (,0H Q ~ a > r - ( mH *) 

+ J £ '*« («‘» *) - m $ F* (cos «) + •••] (6) 

is our required solution. For it satisfies (1) and reduces to (2) when 0 = 0. 


79. As another example let ns suppose a conductor in the form of a thin 
circular disc charged with electricity, and let it he required to find the value 
of the potential function at any point in space. 

If the magnitude of the charge is JU and the radius of the plate is a the 
surface density at a point of the plate at a distance r from the centre is 

./! / 

Attrc^r — r 1 

Tritf 

and all points of the conductor art' at the potential • (v. Peirce’s New¬ 
tonian Potential Function, § 01.) 

The value of the potential function at a point in the axis of the plate at the 
distance x from the plate is easily seen to he 


r V C 

l = — I 

'W ^ 


rtir 


M t ,r* J — tt x 
1 v COH^ 1 • 

lit X* -f- (t d 


(M M 

\&i ?*+>/** ‘##* +‘ 


i tM 

7(x 


if /<«, 


4“ tf x / tt ’ x 4" a* 3 


i f x > a . 

Integrating and then determining the arbitrary constant we have 


M s s* « 

M 

~7T 

X , .*■* 


7T * t st 5553 

2a x* + a* 

it 

** 

"« + ;{«■ 

r»i l ' 

if x < a . 




«* , ,r> 

- r|T 

if jr>a. 

71 


7x‘ 
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We have, then, to solve the equation 

■rDhrV) + . * />#(sin 6 !>,{') axO 

x Sill V 

subject to the conditions 

<( L- if dr / 4 «H/‘* i il* 

when 0 =■- 0 and r < a 


and 



~"*t <t n 

~ dr 1 


r/ ft 

f |# 4 



when 0"-“O amt /*></. 


The required solution in easily soon to be 


MT it r 


' ■} /»(«* ^ — | “a C,<eos I’ 


if and 0 < 


7T 


and 


^ P' _ 1 "* 

« Lr d r n 


I\(vm 0) + 


1 r/» 
:» r* 




if r"> a. 



/ « (CO.H #| 



EXAMPLES, 


1. (liven that if a charge M id electrieily in placed mt an ellipsoidal eon- 

doctor the surface density at any point /* of the conduct or is equal to • l// ' . 

’l7r>rl*r 

where p is the distaneo from tin* emit re id’ the conductor to t he tangent plane at 
J (v. 1 eiree, New. Pot, hune. § bl); find the value id the potentia) fuiietion at 
any external point when tin' conduetor is the oblate spheroid ueiieriitrd bv the 

rotation <d the. ellipsis.- ‘ : - J about its minor axis, 

ft* ir 

(1) If the point is on the axis of revolution 


hf 


isjffi 


siir 

0* L 


% (kr + d l — \ . ^ i /br — ,#s + P \ “ 

W.C + ti‘ — 141,1 (,Ve d- «' — t," .. 


x being the distance! from the centre. 

(li) If the point is on the surface of the spheroid 
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(3) If the distance r of the point from the centre is less than \Ja 2 —b 2 and 


#<: 


]\£ TT V 

r= L 2 “ ( a*-b*)\ Pl (C0S e) 


—^3 Tt (cos 6) ■ 


3 (a 2 — b% 


v* p 

5(a 2 — b*)l 6 


(cos ff)-\ -J- 


(4) If the distance r of the point from the centre is greater than Vo 2 


■b 2 


■4 2 l 




5-r 1 ~ ' 7r 7 

2. If the conductor is the prolate spheroid generated by the rotation of the 

SO 2 'll 2 

ellipse ~ ^ = 1 about its major axis, show that if the point is an external 

point and is on the axis at a distance x from the centre, 

. x + 

;l0g- 


M 


■b 2 


‘ 2sf a * ~ X ^ x - '/a 2 — b 2 
If the point is not on the axis and r > vV 2 — b 2 


M 


.[• 


(a 2 -V)\ , fo 2 -^ 


,-. , —r—j—— -P2 (COS ff) 

sja? — b 2 L r 3r 3 v 


+ )2 T 4 (cos 6) + -P, (cos 6)+ •••]• 


80. As a third example we will find the value of the potential function due 
to a thin homogeneous circular disc, of density /), thickness k } and radius a. 

The value of V at a point in the axis of the disc at a distance x from its 
centre is readily found and proves to be 

2M r 
a 2 


V 0 = 2irpkQh? + a 2 - x) = [V^T a 2 — a?]. 

If x> a 

v^T ^ 2 =*(1 + 1°) 2 =* [1 +\ 


la 2 1.1a* , 1.1.3a® 


1.1.3.5 a 8 


r 2 2.4 a; 4 1 2.4.6 sc® 2.4.6.8 a; 8 


+ • 


2ilf ri a 1.1a® 1.1.3 a 5 1.1.3.5 a 7 “1 

0— a [_2a; 2.4 a; 8 + 2.4.6 a 6 2.4.6.8 a; 7 + J 


and 
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If x <a / afv r, i /■» i.i , “I 

V '» 2 + « = "■ (*■ + 1 + r , „ a "• 2,1 „< + 2..1 .(!«• + ’'' J 


, fr 2wr. x.is* i.i.'’ 
and F„ = -- + ,U 

Hence the .solution for any external point, is 


1.1 .c* 1.1.1} 1.1 ,:!A/ 

4 _’.4 .<!«•' 2.4.0.8 «*' 


•]■ 


1.1 ti* 


2 MV 1 ir ........ „. 


+EO > ~ -Loui >' • t "'“ + •''] 


if r> a, and 


-- 2M < v r> , 

7=— 1 —- /Vooh tf) 

a L 


+ 


1 r* 


0 


0) — ^ /%(<■<>» 0) + ^‘j! / .(cos -^ 


if r < a and 6 <; 


KXAMPLKS. 


1. The potential funetion duo to a homu^onoutw homitf phoro vvlumo axis in 
taken as the polar axis, is 


Tr Mr a , 3.1 w 9 3.1.1 «« „ „ , 3.1. UN/" „ 1 

} = « Lr+i4> t'<r m *>—£a> 1 A " mBs + 2.4.0.K ! 'V "* 0 >“-J 


if r > a, and is 


MV 3 3 r r l 


?! 1 i* ?!, 1.1 /• 

+ nt> U 


2.4.0 «» 


if r<« and 0> 


TT 


2. The potential funetion due t.o a solid sphere whose density is propun 
tional to the distance from a diametral plane is, at an external point. 


V 15 a l_ 2.4 r + 2 . 4.0 t* ‘ s(<! ' 


OH 0) 


" 2.4.0.8 *■* 7 4 ^ <m ^ 2.4.6.8.10 7 #(mS ' 
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3. The potential function due to the homogeneous oblate spheroid generated 
■r* v/ 2 

by the rotation of + '— 2 = 1 about its minor axis is, at an external point, 

3 M r.r* + "^7 />* ( ■ _j (u 2 — 1>* + bx) 

> - a _ /,*; L V m tfVjrprz-p 


. (V/. 2 —ft 2 —fa)> 

+ sm -1 —-- 


fcr :A .. r ~| 

uV'.r’+c 2 — /; 2 / J 

if tho point is on the axis of the spheroid at a distance x from its centre. 


+.Y('-±-)b. <( , »«>-•] 


if -/•> (« a — h*)k, and 


; («•■* — Li' (" 2 — /- 2 )i 7>l ^ ll0H 9 - + 4 (>— )> r ) />3 ^ 


(‘-OH ^ 




if r < (*/ 3 — /; 3 )jr and 0 < 


4. The potential function duo to the homogeneous ]>rolato spheroid 

**.."*■ 


4 a* 3 

generated by the rotation of ~,, + ‘ / , i ==l about its major axis in, at an 


external point, 

+ks* £ 5 &i ‘* »« + •■■] 

if /•><«*—i 1 )i. 


81. Tho method employed in tho hint three articles may be stated in 
general an follows: — Whenever in a problem involving the solving of the 
special form of Laplace's Equation 

rI> r \rr)+J^I) e (Hine!>eV)^0> 

the value of V is given or can be found for all points on the axis of X and 
this value can be expressed as a sum or a series involving only whole powers 
positive or negative of the radius vector of the point, the solution for a point 
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not on the axis can he obtained by multiplying each term by tin* appropriate 
Zonal Harmonic, subject only to the condition that, the result, if a series must 
be convergent. 

It will be shown in the next article that I* m (cos 0) is never greater than 
iono nor less than minus one. Hence the series in question will be eonvergont 
Jfor all values of r for which the original series was u/Wa/V/y rotate njrnt. 

82. In addition to the form given in (1) Art. 77 for l* m (.#•) other forms 
are often useful. 

It ought to be possible to develop I\ n (v os $), whieli may he regarded as a 
function of $, into a Fourier’s Series, and such a development may be obtained, 
though with much labor, by the methods of Chapter II. 

The development in terms of eosines of multiples of 0 may he obtained 
much more easily by the following device. 

We have seen in Art, 75 that P m (yrn $) is the roeflirient of tin* mth power 
of z in the development of (1 — 2,r eos Q ~f- .rb J in a, power series, and that 
if mod z <! 1 (l— 2z eos $ -j- can bo developed into sueh a series. We 
know by the Theory of Functions that only one sueh seruxs exists, so that the 
method by which we may ehoose to obtain the development, will not affect the 
result. 

(1 — 2 z cos $ -f * s ) i * (1 ■ - *(#•* + r -«)-£ 

i (1 — xr*) I (1 — „r v *)-J. 

(t ze 9C )~"i‘ may ho developed into an absolutely eonvergent series if 
mod £ ■< 1, by the Binomial Theorem. We have 


(1 — * e »0“* = 1 + ! s «« + ^ 
(i - * = i+ **«-«+ J-;*, 






.i.ii 


AAkH 


**«-»'+ 4- J .< -4H , . 

2.4.6 T 2 4.6.*" r 


The product of these aeries will give u development, for (I — 2s eoa 0 s *)~4 
in power series. The coefficient of *» ia easily picked out, mid uniat, \n equal 
to 2 > m (cos $). We thus get 


, (cos ff) ■■ 


1.3.8. • 


2.4.6 ■ 


•'(27, 




t wt<X 


-f* 




+ < 




+ 


1.3 

2.4 


' 2m(2m —2) 
(2m — l)(2/« — 3) 








CilAi'. V.J ZONAL SURFACE HARMONIC! AS A SUM OF COSINES. 


159 


„ 1 . 2.5 

F m (eoH0)=— r> 


r>. — ( 2 ui- — 1) r„ * , „ l.» 

L 2 C0S m6 + 2 r (2m~3) cos(m ~ 2)0 


+ 2 
+ 2 


1.3 — 1) 

i) 

w 

.1.2.2 (2w — l)(2w/. — 2) (2 m, — 5) 


(!0S - W 

1 . 3.3 ?// (m — 1 ) (jh. — 2 ) 


cos(m 


’<\)0H-J. (1) 


If w- is odd the development rims down to cos 0; if m is even to cos (0), but 
in that case the coe.lHcie.nt of cos (0), that is, the constant term, will not contain 
the lac,tor 2 which is common to all the other terms, but will be simply 

pi • 0" jztJQ H fl . 

L 2\-i7<f-• • /// J * 

We write out; the valiums of T m (cos B) for a few values of m 

A (<*•<>« #) = 1 

J\ (cos B) = cos 0 

/\,(e.os 0) = -j (3 cos 20 + 0 

A (cos 0J = - (3 (‘os 30 + 3 cos 0) 

7*4 (e.os 0) = ^ (33 e.os 40 + 30 e.os 20 + 0) 

1 , \ (-> 

A (e.os 0) 5= • ^ [0)3 cos 30 + 33 cos 30 + 30 cos 0] 

7>„(e.os 0) [221 cos <50 + 12(5 cos 40+10/5 cos 20 + 50] 

J\ (cos 0) "■—™ [420 cos 70 + 221 cos 50+1K0 cos 20 + 175 cos 0] 

7* (cos 0i = --.I, ; [(5425 cos 80 + 2422 cos f>0 + 2772 cos 40 
v H>3H4 

+ 2520 cos 20 + 1225] . 

J 

Since nil the eooflleients in tlio second member of (1) are positive, and since 
each cosine has unity for its maximum value it is clear that /*,„ (cos 0) has 
its maximum value when 0 = 0; hut we have shown in Art. 7(5 that P m (l) = 1. 
Therefore 7* m (cos 0) is never greater than unity if 0 is real. It is also easily 
seen from (1) that 7’,,, (cos 0) can never be less than —1. 
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83. l‘ m (jr) can bn very simply expressed as a derivative. VVe hay 

Ml L ii 

Ml m ! is m L*j,w ;; I 


«. l.i 2m f 2 m j 




1 Hi f I * ### 


ivjmi 11 


tr * ,r 

(*)tta*=*f'/sf/' m (s)<U 


, 1 M j » 1 t m | m | | s m M | 

I *} | * j»«t ~<$ 

I • iii • 1 1 1 J m 11 


o it 
/*> 


(2w -- 1}(L*w -*» ;i i * * * I 

l'" + 


1 W -f • l| Ml 1 ) 


L\»2m I I *' 

I Ml 4'» M Ml } I |»|, Ml «■• - J | 


f m i> m (*)<{,<* - 11 , 


• < I i « mi ' ■ 1$ 2tn »lj 

• I | 


IVJwt Ii 
2mi 2m — I i s 2m 2 h 2m — »'I j 


» I 12m * * 1 *, 2 vi - ;ii 






, . , «i| m ■ > ? | 

,f ■’ ?h r * i %n« 


nil Ml J u Ilf *J | 


The quantity in brat-kefs obviously differ* f r «,tu m ~ I r by terms 
lower powers of * than the ;«th. 


mv( 


Htniee 


or 


f\jri 


11 »/•'» 

..o-- 


1 i*% 


I ./• 


* m ! J,r m 1 


This important formula is entirely general and 1ml.in m.t merely 
* = cos 9, hut for all values of .r. 
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84. The last result is so important that it is worth while to confirm it by 
obtaining it directly from Legendre’s Equation 

( 1 - -jyi — ‘ Jj: + 3 )» = o (!) 

y. (1) Art. 75. 

Let its differentiate (1) with respect to x a few times representing 

7 , J'l., ,/8« 

~ by by a". by &e. We get 

(1 __ _ o o,. + [w(;w + 1) - 2>' = 0, 

(1 - ■'•*> % ~ ^ + 1) - 2 (1 + 2)>" = 0, 

(1 “ ~ + 1) - 2 (1 + 2 + «)]*"' = 0, 
and in general 

J'X.au) 

(1 - .r a ) - \n + IV ~j + [»» (/» + n- 2(l+2 +» + ••■ + «■)><»> = 0 

,/'i .,(>») Jn.{n) 

or (1 — .r a ) • '\p — !i(// + l).r + [m(m + D — //(/i + = 0 . (2) 

Following the analogy of these steps it is easy to write equations that will 
differentiate into (1), 

Let vi = s, = s.&c. Then 

r/*r f/.H (/.r 8 

( 1 ~ • r ' J ) +1 )~t = o 

will differentiate into (1), 

( 1 — ^ + 2.1 .r <l J* + [ w (/« + 1) —2.1 = 0 

if differentiated twice will give (1), 

(1 - •<+ 0* + 2.2.r + O (w + 1) “ 2( 1 + 2)>, = 0 

if differentiated three times will give (1), and in general 

(1 ;/'^’+ 2(« — IV tl J” + ['"<"' + 1) — — 1)3 *«— 0 (2) 

if differentiated it times with respect to x will give (1). 

If n = m + 1 (.'!') reduces to 

c - a *;;■=«, 


0) 
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and tlie (m + l)st derivative with respect; t.u .<• of any function of x 
satisfies (4) will be a solution of (1). (4) van 1,( ‘ writ ten 

(l — Jr*) -jj* + 

and can be readily solved by separating the variables and integrating. 
Cal. (1) page, dl l. It, gives 

1 >'"• 

Henee e = -■■- < 

is a solution of Legendre’s liquation (1) and agrees with the value of 
obtained in Art. KG. 

K5. The equations obtained in Art. K-l are so curious and so simply 
that it is worth while to consider them a little more fully. 

We have seen that 

differentiates into 

(i - **) %+-('«- 1 )x +- ms =* (> ; 

that if we differentiate (2) m timen wo get Legendre's Equation 

ft 

(1 — /*) ^ 2.r ^ + M(m + 1 h* — U; 

that if we differentiate (2) 2m timcn we get 

that if we differentiate (2) m — n timen we have 

(1 — *r ,J ) 2 (a — l)r ^ 4“ [///(/// 4* I) — //(w —■ I)].: =* 0; 

and that if we differentiate (2) m + n timen we have 

( n x 

(1 — # a ) — 2(a4- l)*r + [///(/// 4* i//(// 4 W I * |* ^ 0, 


By the aid of (1) we found in the hint article a particular Holutioi 
namely 

*ass (jr*— \) m . 
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If wo substitute in (2) 2 = u(x 2 — l) m following the method illustrated 
fully in Art. 18, we get as the general solution of (2) 

dx 


(7) 


= A(, 3 -1)'“ + Jt(a* - iy>‘f t , 

A and Ji In'ing arbitrary constants. 

f- -qn iH ‘‘‘“fly written out [v. formula (42) page 6. Table of Into- 

grals. Int. Oal. Appendix]. If x <C 1 it vanishes when ce = 0. If cc > 1 it 
vanishes when .r = oo. If then ;r < 1 (7) can be written 


ar 


dx 

(x 2 


and if x > l 


QQ 

J(.r a — 1)"*+ /i(.r' 2 — l) m f— 
*/ (x 


dx 


1)’" +1 

and in these forms unnecessary arbitrary constants art 1 avoided. 
From (7) we can get. the general solutions of (4), (4), (5), and ((>). 

. f/'«(.r*— 1)"' . F , ,, r t/.r ~] 

S ~ A . —+ n (/ y »|_V 1 ) m j ^rirypTiJ 

is the general solution of (.’>). 

p., . ( 

dx~ m 

is tin 1 general solut.ion of ( I). 

, tt m i r 


A 


dx 11 


. ^ r 

f x‘ 2 —- 1 ) m C 

dx _ 

L 

4 ( 

yi_ j yn h» i 

■ 

(,r ,J — l)" 1 j 

** dx 


(.r*— 1)«- 

-f n 

(.r 3 — 1)"‘ 

/• i(.r 

dx m 1 H 

1 (>— 1)”‘ 


( 8 ) 

( 9 ) 

( 10 ) 

(ID 

( 12 ) 


is the general solution of (T>). 

, u . n 

J ..III 1 fl 1 

is the general solution of ((>). 

In each of these forms A and H are arbitrary turns tan ts and the integral is 
to bo taken from 0 to x if x < l ami from x to c© if x > 1. 

Of course (10) must be idontieal with the forms already obtained in Arts. 16 
and IS as general solutions of Legendre's Equation. 

Equation (4) is ho simple that; it turn be solved directly, and we get its 
solution in the form 

< 14 , 

wlneh must be equivalent to (11 h 
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Comparing (14) with (7), the solution of (2), wo sot 1 that, ovory solutioi 
can bo obtained from a solution of (2) by dividing the latter by (y ,u — 
in other words that if we write (2) 

(1 — ;r‘ J ) -f" 2 (/a •— 1 ),r • g 4 2 mr: 0 , 

v ax* f/.t' 

and (4) as (1 — y 2 ) ^— 2(/// •) 1 u* ■ 0 

v e.H tlx 


= ^ 1 (;r i —l) m ; and the substitution of this value in (2) will give ^ 


the substitution of 


(.r r ~-’l ) m 


in (4) will give (2), 


We have, then, two ways of obtaining pi) from (2); we may di tie rent! 
2w/, times with respect to u\ or we may replace x in (2) h\ *« l ) w . 

If we use the iirst method we have seen that Legendre’s Ktjuatioi 
midway between (2) and (4). That is if we differentiate (2) m times 
(«$) and if we then differentiate (<‘l) m times we get ( h. Lei ns set' 
half-way equation in our second process is Legendre's Equation. 


If 

1 >3 

and 

.V-' 1 )~ 




So that if in (2) we replace z hy //(a’ 1 * — I k anti then repeat tin' op 
on the resulting equation wo shall get pll. Making the tirst Mihstifut 
find, 


(1 


(ft/ 
<Lr ’ 


"-S+ 


m f m 4 “’ I > 


not Legendre’s Equation but a somewhat more general form, 
solution is 


y = A(y J — i)~ f /;<✓* 




(H* mi 


(2) arid (4) are special torms ot (f>) and (lb, Let us try the experin 

substituting in (fi) ,?=,/(! - awl in («> a • J/ »• \V.« tin 

11 y*y 

both substitutions give. the* same i-qimUou "™ 1 


(I-* 1 ) 


ft/ 

(fa 2 


(hf 

(fa 


+ +1 j — y ^ , 
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The solution of (17) can lie obtained from either (12) or'(13) and is 

!_ „ -J A -J ) W + /, 1^11 [> _ 1)a C dx ~I | 

- x‘) s 1 . dx" 1 " dx M ~ n [_^ ' J (x* — l) m + I J ) ' ' 


0 


which of course must he equivalent. 


<S(>. In addition to tlio valuo of .P m (x) given in (1) Art. 88 there is another 
important derivative form which we shall proceed to obtain. It is 


We have seen in Art. 7i> that • 


m(<'OH 0) = ,;n Q . (1) 

can be developed into 


' + - 2 ^cos 6 + '!± 


a conv(u - g(>nt .series if i\ < r and that the (w+l)nt term of that series is 
1 - - Let us obtain this term by Taylor’s Theorem. 


1 


V 


1 


1 — 2 • 1 cos 0 + 4 

r r 


r . 




r x r cos 


s 0 + y+ rfx* + yf x + ^ — 2x7*! + Vi 


~ r if + 1/ 1 + 

"Regarding this as a function of (.r — r t ) and developing according to powers 
of r t by Taylor’# Theorem wo got as the (w + l)st term 

1 n <-!)» 

or - v *.- 7 — #y 

-a J m ! 1 


L,,J t L y m/pn 
m ! 1 ,r 


L six 1 + if 1 +; 


r, m /> 




Hence 


Ls>it™3 />- * 

t m f 1 ///1 fc \ 7 ’ 


87. We have now obtained four different forms for our zonal harmonic > 
a polynomial in .*% an expression involving cosines of multiples of 0 , a form 
involving an ordinary ///th derivative with respect to x, and a form involving 
a partial wth derivative with respect to x. We shall now get a form due 
to Laplaces involving a definite* integral. 


f H 

J a _ /, ( » 0 g A 
« “ 


if [vs Int. Cal. page G8], 


7r 


a) 
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---:—n can 1m expressed in the form * } by taking a 

and b — z ^7 2 — T and no matter what value r may haw - can bo take 
that a 2 will be greater than b'\ Thou by (1 ) 

i __i r y<i> i r f /</> 

/A i \ I 1 I . / .. ' 7 7 . 1 


— L\r ,3 + 

“"Y 1 

1 /v, 

—«v'.i- 3 — 1 

[. eoS </> 7r * I 

— ;<.r |«y,r u 


-at' 

-f V.|- J 

■— 1 . (*«>s </> i *. j i 

r | V,r J — I. 


“f* («r •{- b »*ns </o ;l .; 4 ( • * * 

if is taken so small that, the modulus of ,;«.r f* \,t : 1, cos </>> is loss th 

by Art. 77(2) P m (/) is tin* eooltieientof z m in t ho development uf 

(1 ~ - 

ft 

ll»>llC,0 P,Jx) =~ '• { |> 'I 1 S-'-' 1 ~ 1- <•'•* ■ 

7T*' 

i) 

By replacing <j> by 7 r —^ * u (-) Wi * 


l\n(' v ) ' 1 ‘ 1 ( [ •'* Va* ; ■*“- I. do 4* !’«‘4, 

* ' 7T % / 


1 1 


1 , iu 


and if nn»d • * I or in otlia 


mod z > 1 


1 1 \| can he developed into a onuvorgout mud 


. 1 /1 \ Ml 

mg powers of - , and the eoeflieient «»f l \ will ho /* w ,.r i; but, tin 
the e.oeltieieut of ?r m ^ x in the dewlopmont of * . U oe, 


descending powers of s, mod % being greater than I. 

If now wo let tt = ,;\r — 1 and h ..vvV 4 - I, o 4 - 
# may he taken so great that — // J > 0, Then b\ 1 1: 


( I » * ’/O 
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and the coefficient of z-™- 1 is 


1 f.. d<j > 

0 [•*-V-'* 2 — 1. cos 


Hen (ic 

Keplaeo <f> by 7 r 


IT 



— <f> and we get 


<l<f> 

- 1. cos <£] m+l 


/\ 



d<f> 

— 1. cos <£] m +1 




(«) 


88. In the problems in which we. have already used Zonal ir<irm>onic8 
(v. Arts. 78 -81) wo have been able to start with, the value of the Potential 
Function at any point on the axis of A' and it has been necessary to develop 
the expression lor Hon that axis in terms of ascending or descending powers 
of :r. If, however, we start with the value, of Tin terms of $ for some given 
value of r, that is on the surface of some sphere, we must develop the function 
of 6 in terms of zonal harmonics of cos $ (v. Art. 10), and our problem becomes 
the following:—To develop a given function of cos 0 in terms of zonal har¬ 
monies of cos 6, or to develop a given function of x in terms of the functions 
x lying between 1 and — 1. 

The problem resembles closely that of developing iji a Fourier’s series, 
which we have already considered at such length. 


Ltd, J\x) = A it /\,(x) ■+ A l /* l (x) + A<j/\,(.tj + A H /* n (x) 4- ( 1 ) 

for all values of x from — 1 to 1 and let it be required to determine the 
coefficients. 

If /(*/•) is single-valued ami has only Unite discontinuities between x = — 1 . 
and x = 1 we may proceed as in Art. 11 ). 

Let us take n 4** 1 terms of (1) and attempt to determine the coefficients. 
Take v 4“ I values of x at equal intervals A.r between x = — 1 and x = 1 
so that (// + 2 )A.r 1 — 2; /p— I 4 - A.r), /(— 1 + 2A.r), /(— 1 + 2A x), * * * 
/[■— 1 4” { ft 4“ 1 )A.r] will be* the corresponding values of /(a*)* Substitute 
these values in ( 1 ) and we have 


1 + A.r) *•- 1 + A.r) -j- - if /**(—• 1 4” A.r) 

+ 1 + A.r) + ... + A n P n (- 1 + A.r) 

/(— 1 4" -Aa’) = A,>/*«( — I 4“ -A.r) 4" *U1\{ — 1 4“ ~A.r) 

4“ 1 4- 2A.r) 4--1- 1 4“ -A.r) 

/(1 — Ar) = A 0 /\ ) ( 1 — A.r) 4" Aif\(i — A.r) 4“ 1 — A.r) 4 - 


(-0 


that is, n 4~ 1 equations from which in theory the n 4“ 1 coefficients 
A 0 , A [y • * * A n (*an be determined. 
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Following tho analogy of Art-. 21 lot- us multiply tho first equal 
F m (— 1 + A;r).Ax , tho second by /* m l - 1 • b 2A.r LA.r, the th 
i 4-;*A.r).A;r, &o.., a,mi acid tho equations. The first member 
resulting equation is 


%J\~ \+h-Xr)l' m{ ~ I •{- LS.v \..\x , 


and tho coefficient of any A as A i in tho second nuunher is 


^— 1 -}- -. *1 | /rXi'KA.i’. 


If now w, is indefinitely increased (d> upprt»aohes as its limiting value 


i 


and (4) approaches 




We have now to find the value 1 of the integral (ftj or m we sltul 
it for the sake of greater convenienee 


» 


so. 


jr j >« 


by (1) Art. K,t 


— 1 )" <t*U*— 1 )" 


r- 

L </.<•* 


!)"(/’ I ( '"‘ 1 


i i(_ r v j r ,/■. i,j 


i/.r“ ' 1 


by inf (‘//rat iim hi/ parts. 
Now if * = A(/ J —1)» 


1)»~>+(..•* — l)" f/ ';~(.r a “'Jr 1 }-i.e- h' 


Hence, the /All derivative with resjH-et. to ,r of :m\ linu-tiim of .r con 
'»* — !)• oh a factor will contain (.r 1 — 1r >■ an a factor if /. < « . 



Chap. V.] 


DEVELOPMENT IN ZONAL HARMONIC SERIES. 


169 


f /»-’(a- 3 — 1) 
dit”- 1 

and when x = — 1 , ho that (1) reduces to 


, . > then, contains (a: 2 — 1) as a factor and is zero when x = 1 

rta'" 


p""(,r 3 — 1) M d n (T 2 — 1)” ^ d n ~ l (x ?— 1)" 


F 


</x n 
— i 

It follows that 

i . 


dx n 


dx m+l 

dx n ~~ l 1 


l) m d n -f(x?— 1)“ 

dx™ + p 

dx n ~’‘ 

i,/"‘-P(x 2 — 

l) m (-i» + p(x 2 — 1) B 


dx . 


If m < w wo got from (3) 

/*r/ ,M (.r a — l) m ^(ur 3 —l) n , _ , iW f*d: hn ^— \) ni dr- m (x 2 -~ l) w 7 

= (- 1 )™( 2 m)! P~^lT 1),1 ] = 0 > 

rf Sra 'x 2 — I)” 


-1 


smco 

I f ■///■ > w. 

i 


dx** 


: ( 2 m)!. 


J ,/x" 1 </x» <■ ' J f /x“.» dx* 


*r>u \t 


r^^ 4 zdi:-i =0 . 

i_ j 


If, then, //i. is not equal to w 


f ^ > m( T ) I‘n(- r )d- r == 9 - 

rl 

l 

I f /// = //, wo have* to find .A /> w (x)]te. 

i 

A f> , i A/"(x a — i) m ^vx 3 —iy» . 

J 2 a, ’\w!)U </> f/x“ 

* - (-. C- - im 

-\ ~ 1 

l 

by (3), «=(— l)"*(^w)! (x 3 — 1 )”V/x. 


O) 





170 


ZONAL HARMONICS. 


[Art. 90. 


or 


J*(x 2 — l) m dx =J* (x — l) M (x +1)V* = ~ ( x ~ l)" 1-1 (x + 1)"‘+ «,ir 

-1 -1 -I 

1 

= (~ 1 )”* ( m -j- l) + 2) ■ • ■ + l ^ <iX 


(— l)”* + Qim + 1 )' 


Hence flP m (x)Jdx 


1 (— 1 ) u, (2w )! (— 1 )"'»! !2 a 


!•! 


2 2w (W,!) 2 (iil + 1 )(W +-)'’* 4“ 0 


/[/’»(■'■)] V.r 


im + 1 


(*> 


90. The solution of the problem in Art;. 88 is now readily obtained, and 
we have 

/(x) = A () J\(x) + A, / h(,r) + A, + • • ■ (1) 


where 


A n 


l ni -f- 1 




( 2 ) 


The function and the series are equal for all values of x from /rs - ] to 
x = l, and f(x) is subject to no conditions save those which would enable us 
to develop it in a Fourier’s Series, [v. Chapter III.] 

Of course (1) can be written 

/(cos 0) = A q P <>(eos 0) + A t /h(eos 0) + /\j(eos 0) 4- 


2m 4-1 n 

where A m = —~— j /(cos 0) /^(eos B)d{vm 0) 

—i 

or if /(cos 0) == A’(0) 

jF(0) ^ A () /^o(cos 0) -f* Ai /h(oos 0) -j" A% /*g(c<>s 0) 4" ‘ * (8) 

where ^/’(0 )/ > w (c,oh 0) sin 0a/0 (4 ) 

0 

and the development holds good from 0 = 0 to 0 = tt. 

If f(x) is an oven function, that is, if /(—.r) = /(.r) (l)and (2) can lx* 
somewhat simplified. For in that ease it can be easily shown (v. Art. 77) that 


i 

— l 
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and that ^f(v)P 2k+ -yfydx = 0; 

1 1 

so that if /(—.r) =/(:p) 

/(*) = A ^ />,(••'■) + AAW + A *>•(*) + • • • (5) 

i 

where A* = (4A+1) ff(x)J> u (x)dz . (6) 

0 

If /(.O is an odd function, that is, if /(—.r) = —/(sc), it can be shown in 
like maimer that 

/(a) =^i7\(«) + -V' a (.r) + A r J>,(x) + J 7 /> 7 (x) + • • • (7) 

i 

where , , = (•»/.- + .'!) |/(.r) /V+ i (■*>£*• (8) 

0 

If it is only necessary that the development should hold for 0 <Cx < 1 any 
funetion may be expressed in form (5) or (7) at pleasure. 

i 

91. We ean establish the fact that = 0 by a more gen- 

.* i 

oral method than that listed in Art. 89. 

Let X m be any solution of Legendre’s Equation 

j^ ( | --.,•■') J + m(m + l)s = 0 [v. (1.) Art. 10]. 

which with its first derivative with respect to .r is finite, continuous, and 
single-valued for values of .r between — 1 and 1, — 1 and 1 being included. 

Then ~~ j^(l — .<•-) -jSJ + »>(>»■ +1)^'« = 0 (1) 

and £[(1~ + «(» + 1).V, = 0. (2) 


Multiply (1) by S n and ( 2 ) by ,X m and subtract and integrate and we get 
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Integrate by parts, 

i 

[m(m + 1) ~ n ( n + = r^m(^ ~ J '* 

rfA' <L\ 




dx 

1 




d A m d A n 


dx dx 


Whence 


fVn< 


/Ar = 0 


unless m — n. 

(3) gives at once the important formula 


i 

/ 


X m X n dx : 




VlQtl + 1 ) —"■ H[H 1 ) 

from which come as special cases 

. (1 -a-*) [/’„(,•) t 1 '^- r mi s) £Ljf'1 


f? m (x)P a (x)dx: 

sc 

and since JP 0 (x) = 1 


m(m + 1) — it(n + 1) 


i 

f l> m (r)dr 




,U\Jx) 


dx 


unless m = 0 . 


tn{jn -f“ 1 ) 
EXAMPLES, 


1. Show that j* P m (x)dx = 0 if m is even and is not zero. 




1 


3M.7, 


■ * m 


odd. v. Art. 91 (7) and Art. 77 (10). 
2. Show that 


m(m *4“ 1) 2.4,0. • • * (/// — 1) 


j*P m (x)P n (x)dx = () if m and n urn both even or both odd. 


w 4 n f I 


l (m — n)(m + n -f 1 


if m is even and n odd. v. Art. 91 (0) and Art. 77 (8), (9), and (10). el 
Strutt (Lord Rayleigli) Lond. Phil. Trans. 1870, page 579. 

1 

3. Show that f[P^Jdx ~ —1— v. Art. 89 (5). 

Y 2m +1 w 
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92. Formula (4) Art. 91 can be obtained directly from Laplace’s Equation 
by the aid of Green's Theorem (v. Peirce’s Newt. Pot. Func. § 48). 

Take the special form of Green's Theorem [(148) § 48 Peirce’s Newt. Pot. 
Func.] 

i ' — r v 2 uy-xdi/dz =f ( uj) n v — vd n u)ds (i) 

where V ' 2 stands for (/^ + + >Af), I) n is the partial derivative along the 

external normal, and the left-hand member is the space-integral through the 
space bounded by any closed surface, and the right-hand member is the surface 
integral taken oven* the same surface, (v. Int. Gal. Chapter XIV.) 

If V and Pare solutions of Laplace’s Equation V 2 P== V‘ 2 ^ r == 0 and ( 1 ) 
reduces to 

f(lTI> n V-VI>JJ)ds = 0. (2) 

Now r m X m and r n X n art** solutions of Laplace’s Equation if x — cos 0 
(v. Art. 10 ). 

If the unit sphere is taken as the bounding surface and U = r m X m and 
V = r n X n (1) and (2) will hold good. 

J>Jf = I> r (r”‘X m ) = W ^-'X m , 

I> n V=n,*~\X n , 

(Is = sin 6.d0dcf>j 

2rr 7T 

and (2) becomes j*d<f> ^QiX fn X n — mX m X n ) sin 0x16 = 0 

0 u 

TT 

or 2ir(n — m) sin 6x10 = 0 . ( 8 ) 

0 

Since x = turn 6 , sin 6x16 = — dx and ( 8 ) reduces to 

i 

pY m .V„,/.r--=<>* (4) 

— 1 

unites w = n . 

98. We can now solve completely the problem of Art. 10 which was in 
that, article carried to the point where it was only necessary to develop a 
certain function of 6 in the form 

/lo/’.Cms 6) + .l t /’j(COS e) + os 6) H- 

# It should he noted that this proof is no more general than that of the lost article, for, in 
order that Green's Theorem should apply to r m X m , this function and its first derivatives must 
be finite continuous and single-valued within and on the surface of the. unit sphere, (v. Peirce, 
Newt. Pot. Func. § 48.) 
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[A 


f(0) I I nun l> <> to () ■ 


7 r 


given that 

and /(0) from 7 t<> O-'tt. 

This amounts to the same thing as developing l-\s) into the series 

A'(.r) = . 1 , ,/',,(.(•) + 4- .(•■/’? t 4- (.<•! 4 - 

where <> from ■ - 1 to .r o 

and 1 from .«•--<> to ,»• 1. 

By Art. 90 (1) and (2) 

1 t 

1 | C.f.rW.r *, p/r 

it o 

w /// '"I” 1 / % f 

and any coefficient J w “ v:: „ 

aft# % * 

0 

By Art, 91, Ex. 1 

i 

j*I\ n (/)(Lr = 0 if m is even 


r)d.v 


m t 1 

’(-1) ^ 


:ir»,7. * • * m 


Hence 


m(m .'{* 1 ) LVUI, *•*{/// — l ) 

J m « 0 if m is even 

5 2 m I 1JI*\ * • * (w — *2 1 


if m in odd. 


(—1) v .7" ! 7777 7 if in »» <»<ht. 

2m + 2 2AAu * * *« m — 1 t 


Then + J /'pa-, - I /'.on f 


1 . ,1 


7 1 


and " = ^ 4- ■£ rl\(vm $) — ^ /•*/\ 1 (ooh 0 } 4- Jf '• s /' s (e<ts 0 ) 

for any point within tin* sphere. 


94. If in a problem cm the Potential Pnneftoit the value of V in j* 
every point of a spherical surface and law eirettlur symmetry # ulioiif a di 
of that surface the value of P at any point in spare ran U* obtained. 
We have to solve Laplace's Equation in the form 

rI>?(rV) + ^ ^ I > t (sin 6 I>,1) - (I 


* See latte t»U page pi. 
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subject to the conditions 

V=f(Q) when r=a 

r=() “ r= oo. 

We have f(6) = A { J\ } (wx 0) + ^/^(eos 0) + Jo/^cos 0) 4- 

2 m 4-1 /* 

where A m = ~ (f(6)P m (uo§ 0) sin O.dO. v. Art. 90 (4). 

o 

11 once 

r = . + - I i (0 /*,((«« 6 ) + A, QV,(cos 6 ) + A, Q P,(C 08 0) + • • • (2) 

is the required solution for a point within the sphere, and 

r= ,1„ (J) + -/, 0)V,(«os 0) + ,1, (")*/*,((!os 0) + 0)V 8 (cos 0) + • • • (3) 

is the required solution for an external point. 


EXAMPLES. 

1 . If on the surface of a sphere of radius e V is constant and equal to a 
show that r~t/ for any point within the sphere and V= for any 
external point. 

\2J Two equal thin hemispherical shells of radius v placed together to form 
a spherical surface art* separated by a thin non-conducting layer. Charges of 
statical electricity are placed on the two hemispheres one of which is tlum 
found to be at potential a and the other at potential b. Find the value of the 
potential function at any point. 


—!, "i 0) 


“+• fi- > />r ‘0‘ (,H 6,) -] 


for an internal point 


, a -)-* h v 


-■+ (A-") [2 £ O(<•<>* 6)-\. I ~ /‘.(.toH 0) 

, 11 l-«r* „ . „ "I 

+ 12-2.4P / i<l,OS ^“” J 


for an c‘xt(*rnal point. 
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3. If =/(<•« ad) will'll r .ami C, wh«*n show tl 

a <r<b 


if> _ * //.»« * t *«”* \ ifi m * { <t m \ 1 

u»2a.( r ,,-JC-... /.-) 0) 


where 


+ t .„ . 

J | )#/.»’ - 

«> |. ,v M * 1 


4. If r tSSS Ppm 0 ) wltfit r h ami l\- » when tl 

■a < r <C J 


/c m -(”■ ’ 1 \//<"* ' 


where 


i/w + 1 




5. If the value of the potential function is tfiven arhitrarity on the ,*• 
of a spherical shell but 1ms circular s\ mtnetrv * about a diameter V • 
(v. Exs. 3 ami 4). 

G. Two concentric hollow spherical conductors are insulate*! ami v 
The inner one of radius a is at potential /*» ami the outer one of radius 
potential <p Find F for any point in space, 

V^p if r O , 


r=— if r>& 

r 


7. If r=0 on tin* base of n hemisphere am! V fitnmfh on the 
surface, show that tor a point within the heminphere 


r-V.i 




where 


sIm t j ( 1/r k *4) j J)x) / \ t ( 3 i xuix | v, Art, 


8. If the eonvex surface of a solid hemisphere of radius *t is kepi 
constant temperature unity and the base at the constant tempmati 
show that after tin* permanent state nt temperature* is set up the tesn 
of any internal point is 


,t=5s ^ l ~i »>+ ‘hi- 


* Sec itciic <m t*it«c 12 , 
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9. A sphere of radius a and with blackened surface is exposed to the direct 
rays of the sun in air at the temperature zero. Find the stationary temperature 
of any internal point. 

Hayyestion: !> r n hu — A7/‘(0) = 0 when r = a .. 

Lot u =2^A m — n 1 ‘Jmm &), and /(<?) =2)/f M P M (oos 6). 

Then wo. have 

S'" y, «( co9 o )+ h X^* z »( cos *> - v =0 > 

whonofl A m = ^ll " . 

•))), 

h + — 

Horn /(d) — <N>8 0 if 0<d<£ and /(d) = 0 if ^ < d <tt. 

/(d) = ^ + !] &) +-jJ; d) — 7*4(«0S d) H- 


+ (-l) 


*4. .(■!* + 1 )C^l 

(4A- + d)(2A-— 1 )2' ik (k !) 


Tj //./oh d) + • 


v. Art. 91 Kxs. (2) and (3). ef. J. W. Strutt (Lord Rayleigh), Loud. Phil 
Trans, vol. 1 (><), page^ 5X7. 


95. The formulas of Art. 90 enable us to develop a given function of x in 
terms of Zonal Surf a re Harmonies, the development holding true for values of 
x between — 1 and + 1 . If, however, wo can show by outside considerations 
that a given function of x can be expressed in Zonal Surface Harmonic's, the 
development holding true for all value's of x, the formulas of Art. 90 will give* 
us the development, in question. 

For example if n is a positive integer x n can be expressed in ten*ms of Zonal 
Surface Harmonics no matter what the value of x, and no Harmonic, of higher 
order than n will enter. For tin* formulas giving the value's of f\(x), P.fx), * • • 
P n (f) (v. Art. 77) may be* regarded as n algebraic eepiations of the first degree 
in tc'rms of x, x'\ x*, * • * x n and Pfr), P. 2 (x),-" P n (x). 

From these equations the* n — 1 epiantities x, x*, x n , * * • x n ~™\ can be climb 
nate'd, and there will result an eepiation of the first degree in x n and Pfx), 
P»(x), • • • P n (x), which will enable' us to express x n in the form 

*f«+ -U P\(' r ) + •M > a(* r ) + *•*+ 

no matteu* what the* value* of x, and we* shall have the same formula when 
— 1 < x < 1 as when x > 1 or /<-!. 
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Let us obtain this development. By Art. bO f1 ) and (2) 
a*" = -f « • • 


where 


2/// 4- I /* 


4 = 2 '"+i 1 ry 1 ’"^ . Um lt , hY(l) 

2 2 W ///!J * y lv 


By intat/rafiaii h\j pttrts we got 


/* ///«/ -a _ 1 V'* /* 

J ,r« — V ——* d.r = —• 1)(w -- 2) • *' (n - ■ //# f* 1 I J .#•" m { I — y J j 

21 > i 

ir w <c // j-1 * 

= 0 if w > it . 

By vntsfjmtUm htj parts we readily obtain tin* reduet inn formula 


' ’< 1 “■ •'•■O’' 

”1 1 

l 

f;r w “ m (l — jr*) m (U = ^ ! 

J (II - III 4“ 1 >(« Hi B d) ***(// f* /// I 


/ r « 

- I 


. "* , , if n } tn is even , 

J w 4 - ffi x 1 

0 if it (- m is odd. 

Hence J s= f- w + 1 > w ( w 1 M« ..- 2 * • • • i« - #w } It 

m (n * in 4“ 1 )(4 m 4 a d p /i — m f a i 1 " i // | /// {* I} 

if m < // 4’ 1 and m 1 « in oven, 

= 0 if m > ;/ or if w 4’ /* is odd. 


Therefore 


1.3.5 ••• (2a + 1) 


(2w + 1 )/\,L«d + (2« — dl UW J 1 1 i\ ,. 3 pr) 


+ ca,, -. t > +1 

the second member ending with the term — J . t'Jjc) if „ in even 
3 » + «■ w 

the term —~r f\(x) if n is odd. 
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For convenience of reference we write out a few powers of x. 
x> = l = ./>„(*) 
x == 7 > 1 (.r) 

*•=1 W + R W) 

*=§n *'<(')+ $ r *(') + l p °(*'> 

~ s -- /',0 + j/ , .(-r) + ^'.W 


<>;* 

1() 

: 2;u 




* 7 = 4 1 !) + 4 />,<>) + 4 W + J A 


** = gj| W + W A(x) + ~ /’,(*) + J I>o(r ).J 

If a given function of .r can be expressed. as a terminating power series it can 
be developed into a Zonal Harmonic Series by the, aid of (4). Given that 

/(/) = <r {) + a x x + a.x 1 + a n x n + * • *, 

let f(x) = Ih) + H-; 

then picking out carefully the coefficient of P m (x) we have 

nil f” , (ni + 1 )(^ + _ 2 ) 

- 1 ) L t,n + ~lt.pln + 'A) ~ ' w, + * 

(m + 1 )(»# + a A _1 . (<>) 

+ 2.4. (2m. + 2)(2m +f>) M + 4+ J 1 ’ 

96. The development of is useful and is easily obtained. 

i„t '";■££) 


(>4 


48 


40 


B 


dx 


AJ\>(x) + A 1 P 1 (x) + A 1 P, a (x) + -~ 


Then 

by Art. 90 (2); 


A , sss 

a4, m 


2m + 1 




0 ) 


*i . — ^ 


dx 


dx . 
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ZPJirVW] = =° if " is<,vpn 


*J if m -f~ h j* s <h l<L 


dp (r 

Since P n (x) is an algebraic, polynomial of tin* nth didn't' m jr, 

algebraic, polynomial of tlio //— 1st degree in .<% Therefore in (1) », 

than w; consequently - f "‘; - is an algebraic polynomial in .»• of lower 

than n and i 

I'/’„(.<■)' J‘[~ “ (1 by Art. 


We get then A m — 2m + 1 if m + n is odd ami m < 


:() if iii -}- it is even or m > n — 1 ; 


<&,(*) 


: (2n-!)/>„„. ,(.r) + (2n - ■>)/■„ + (-« - ■ 


the second member ending with the term if n is even and w 

term ./' 0 (u-) if n is odd. 

Jfrom (3) a number of simple formulas are readily obtained. For ex 




f /, *(- rUr =5^fi ~ o.+.M]. 


(2w+1) , r _^ 




+ (" + 1) 




[v. (4) and Article 77 (12)]. 


(.r 2 — 1) =» ».r/' B f.r) — (a-) 


[v. (5) and Article 91 (7). 


97. By the aid of the formulas of Art. 96 a number of valuable, v, 
merits can be obtained. 

Let us get cos nd and sin n& n being any positive real. 

# = cos nO and z = sin n6 art* solutions of the equation 
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or if we let x — cos 6, of tlxe equation 

(J. — X 2 ) ~~ — X — + nPz = 0. 

Let « 0 Pq (x) + + « 8 P 3 (x) + ■ • 

be the required development of cos nO or of sin nO . 


e> 


Then 


Tit SB 00 

X "« [(’ - **) =0 by (1). 


; == /^(.r) * s a solution of Legendre’s Equation (v. Art. 77). Hence 

/4 ^ d' x r m (;<c) dP m (x) / , „ N , N 

(1 - :« ,J ) —- -r —- m(«* + 1)P„(*) , 


and ( 1 ) becomes 


%<> m [* + [> a - »»(** + l)]P m (*)] = o. 

m m 0 

Formulas (4) and ( 0 ) of Art. 96 enable us to throw (2) into the form 


”7„ r W a - W ^//' M+1 (.r) 

A'"* |_2/« + 1 tlx 


n% JT (!!!’ + O 2 i60n _ 0 

2 m- )-l t/.r J 


( 2 ) 


(«) 


(3) must be identically true. Therefore the coefficient of — ^ must 

equal zero, and we have 

l k I M *> O 

(4) 


L/t+5 «*—/», 3 


" , + * 2/«.+ l n a — (m + 3) 

If we are developing cos it 6 

n 

f •oh nO sin $M0 


a, nl . 


j *[sin (// + 1 ) 6 * — sin (n — , 


and 


<V 




«i= 


i i + e.OH U7T t 

■os v6 cos (9 mn0.<20 
3 1 - COS W.7T 

"2* ~r_T4~‘ 


by Art. 90 (4), 

(r>) 

by Art. 90 (4), 

(«) 
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(4), (5), ami ((>) give us 

oo. S-if •> 


■ SI ■ . " V,a 1 1 -T /**('■'« AH-1 

(a* — A i ){n i — .V) J 


1 — cos nm 


rotf *) + 7 l-a 


(N* — l a >(W a " *^1 f “1 


If n iw a whole number 1 -f* eos n7r or t ■— eos //7r will vanish anti the 
will end with the term involving /\(<*o« 0). For Huh ease (T) may he rev 


A 1 2.4,(k —2/< 

cos n$ ^ Tv* 0 .»”■ _ ,7»”’r* 


‘2’3,5.7. •••(2a + 1) 


i i/^feoH el) 


W a —(«■ + 1 I 


+ (2/*-3)-,-.. A 

v. (W — 2) 4 


/« aeiw^l 


[/,«—.(// 4. 1 )’•* |j a a — iji — I 

+ (2// — 7) ~ <JS .. • . t , I i4i ! »" ii t,UH B) + ’ *' 

‘ v [/; |(yr— { n — l oj 


If we are developing sin n& 


1 /* 

« 0 = - I sin »0 sin BJB * 


at == | sin a# eos # sin BjiB ; 


sin n$ * 


i sin ttrr „ „ . * «’ 

>• „t Iff [_/ 9> + *’ „1 __ ;j* 1 


n % n’i ^ •»*» “ 

+ '•* ' a ., 4 a . a th + • •• 

(>r — . t 4 )( «■* — .i't J 


, 1 sin «7T r„,, „ . _ « a ™ l ' J 

+ 2* «* ~2» [_’ !/ »<-«***** _ J J 1 fh 


i ., (« a — l a M«* — *0) "1 


If n is a whole number sin tor £^(), and all the terms of |!>i vanish 
those involving P n ^ x (vm6) % J\ ¥X (vm 0), !\ * a (c*<w (h wliirli heron 
terminate. For this ease it is necessary to eomjmte ##„ , mdejmiulentb 
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We have 


_ 2n — 1 

L* “i «> 

2 w. — 1 
~~ 4 , 


* Hence 


sin u$ ■ 


'/ sin ^0 J > n ^ 1 (c i A)s 0) sin Q.dO 

o 

7r 

• J*[c.oh (m— i)tf—cos (•«.+i)0]p„_,(cos eye. 

o 

2m — i ■ ■ ■ (2/t — u) r . . Ci > /1N -, 

1 4 2.4.G. • • • (2 m — 2) L w J 


+ (-" + :1 > iji «) 


+c-»+o +•••]• c»> 


EXAMPLES. 


1. Show that 


= J [l + - r > QV.(«» tf) + <> 7>«( t «w 0) + 13 7»,(«os *) + ”] 


whenei 


yJ =f [ h- •> Q /*„(.<•) + !* ('/;■) w+1« ©ni) + • • •] 


[v. Art. <><> (4) amt Art. 82]. 
2. Show' that 


cl ' n 6 “ ? [ :! ( 0 / ’-< v,,s 0) + 7 Ci)(i) J/ *«e ,0H <9) + 11 &) + 


whence 


7T 


Sj\ — yi‘ 


/ [ :! © /,,( ^ +7 CD© / ' s( ' r)+11 CD©?) l>! ‘ ( - r)+ ■■■] 


[v. Art. DO (4) and Art, 82]. 

3. By integrating the result of Ex. 1 and simplifying by the aid of Art. 9(> 
(5), obtain the development 




+'' QB ' w + 15 ( SJV )+•••] 
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■whence 


\ [jVCoob 6) - « (jj) ») ~ ~ (Jj) /»(<*« A) 


4. By integrating the result of Ex. *J and simplifying by the aid a 
(5) obtain 

^■=1 G- s - 11 (I)(ii)V) 


in « = f Q <"»('»» e - s (.')© « - 11 (||)(V j) 9) ■ 


whence 
sin 


To make clearer the analogy of development in Zonal Harmonic Se 
development in Courier’s Series we give on page I Ho a cut represei 
first seven Surface Zonal Harmonies /h(eos 0), /* a (eos 0g • • -/yens 6 
are of course somewhat complicated Trigonometric curves resembling 
cos 0, cos 20, * * * cos 70; and cm page 1 180, the first four successive 
mations to the Zonal Harmonic Series 


\ + j /*»(«« 9) - i /’•<«* *1 + ■[! • £i 0) 


[v. (1) Art,. 9.S], and 

f [co(coh 0 ) -a (J)V,(««h 0 ) - 7 (~ i ) a /- n («oH (?) 

-H ( LV|J| ) /*.(<•<*«)- 

(v. Ex. 3 Art. 97)* 

[i] is equal to 1 from 0*0 to 0 =b«j, and to 0 from 0 ™ ^ to 0 = 

[n] is equal to 6 from 0 = 0 to 0 = 7r. 

The figures on page 180 are constructed on precisely the same pri 
those on pages 68 and 64, with which they should be carefully eompa 

98. By applying Gaum 1 *® Theorem (B. (). Peirce, Newt. Pot. Pune, 
the special Form of Green's Theorem, 

///V’h&dyd* =J* I>„ ^—^sss p&rtiytte, 


The curves y = P Q (cos 0), y = P l (cos 0), ... y = P- (cos (v. page 184.) 
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[Peirce, K P. F. § 40 (149)] to a box cut from an infinitely thin shell of 
attracting matter by a tube of force whose end is an element of the surface of 
the shell we readily obtain the important result 

ArrrpK = l) n Fj D„ F 2 . (1) 

where p is the density and k the thickness of the shell, V 1 the value of the 
potential function due to the shell at an internal point and Fj its value at an 
external point, and whoreis the partial derivative along the external normal 
to tin 1 , outer surface of the shell. 

If we. have to deal with a surface distribution of matter we have only to 
replace pK in (1) by cr where cr is the surface density, whence 

47tct = l) n Fj — F s (2) 

(v. Peirce, N: P. F. §§ 45, 4(5, and 47). 

Formulas (1) and (2) ('liable us to solve problems in attraction when we 
know the density of the attracting mass, and problems in Statical Electricity 
when we know the distribution of the charge,by methods analogous to that of 
Art. 94. 

For example let us find the value of the potential function due to a thin 
material spherical shell of density p and radius a. 

Since V must be a solution of Laplace's Equation and must be finite both 
when r = 0 and r = oo we have 

v i =% A m r m P m (coB 6) 

V x and V % must approach the same limiting values as r approaches <7, Hence 

■+* 1 «* 

or B m = A, 

J) n Fj =/> r V x =^mr m - 1 A m P m (o.os 0), 

JK K = IK V t = -%(m + 1) 7> m (cos 0). 

Therefore by (1) 

AirpK + l)u4 m a m, " 1 P m (cos 6) 

if k is the thickness of the shell. 
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p =/(COS 0 ) - COS (!) 


whore 


t 4- I /*, __ , 

** % * 


hy Art 


l7TK<"„,= (_*W ■(• I t. 1 . 


. •l7TKt' . I VK 

A = ~~.- m % and /» ( ** 

m ( 2 m+t)<r m 1 } t 


. 


. 


90 . We can now get the value of the j intent tnl iunetum duo to a a 
shell of finite thickness, provided that its delimit} ran hr t*vj»ivss*‘d as ; 
terms of the form f y /* rrl (eos #), 

Let (i be the radius of the outer surlier ami /« hr tho radius of fl 
surface of the shell 

1 st. — Let p = hW^eos $1 ddieu h»r the nlndl radian .* and t hie 




Then if r<b 


* ! *„, I />•■« m t,v 


if r> a 


J h “ (2 W + 1) ’ ‘ ,*. } <•, r '" / " fn,:i tn • 


v= f v* as - * f/fl* * * 1 /#t 1 ' 11 &) 

J (2 m + 1) (k h m f .’M r** 8 * 


and if b<r<t 


r=f r 3 +J r,= L , 


/ _ 4ttT p p * m * 1 f t * ' «< * n 

+ 1 L(/v + m dn 


, tt k * * 3 ^ *1 

(* . w t J 

2d. —If p ^J?C f m ? J P m (trn 0) the solutions will eunsmt id muu* ot 
the forms given in (1), (2), and hH 
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EXAMPLES. 

1. If the shell is homogeneous 

V= 27 rpfjf' 1 — b'*) if r<.b , 

„ 4 „ ,„1 M .„ 

1 —A®)- = — ll r>a, 

it *<,<„. 


2. It the <lonsity is any given function of the distance from the centre 
M 

V =— it r > a , and I" = a constant if r < b . 

/* 

2. If the density at any point of a solid sphere is proportional to the square 
of the distance from a diametral plane 


„ Alfa , 2 a* Tfc .,”1 ^ 

f = 7 L7- + 7 ? 7 $ J 11 *' > ' 


(4/ If tlm density at any point of a solid spho.ro is proportional to its distance 
from a diametral plain* 


MV a. . 1 a* 1.1 „ . ... 1.1..‘1 o 7 n “I 

lr + (> ''< m ™ 6) ~ (i.8 > 7 v*** *> +G.8:io 7 7 ^ C09 " J 


if r> c. (Compare Kx. 2 Art. 80. 


100. We have seen in Art. 18 (r) (2) that 

cuo = <lr 


a) 


(1 -.r a )[/>„,(*)]> ’ 

/ (Jj* 

in a rational fraction and becomes infinite only for a: ===== 1, 

(1 m(* r )J 2 • 

x — —1, and for t.lio roots of P m (-r) = 0, all of which are real and lie 
between — 1 and 1, as can ho proved by the aid of the relation. 
I i/"‘(x ‘ i — 1)"‘ 




2 "‘ml 

U **>l f 

J I 


dx" 


thr 


m (i -^[/v-or 

constant term. Hence if ;r*>l 


is finite and determinate and contains no 


QmO 1 ’) ; 




dx 


J (1 -x%P m (x)f 


■wj; 


dx 




for the constant factor of Cm(* r ) ^ l!U! been chosen so that 0= — 1. 


(2) 
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[Art. 100. 


If *»< 1 the second member of (21 is not Unite and determinate, and we 
are thrown back to the. form (1), and (' proves to be unity. 

(1) gives ns readily 

| | -I™ .r 

W.(- r '>~iJ 1,, 8 (3) 


if O! 3 < 1. 

(2) gives ns 


«.(*•)=- l+o l <v|z“ 

1 .r + 1 
<.«■'•) = 3 1‘« 7„: j 


(4) 

(3) 


if sr’> 1. 

From Art. 85 (10) it follows that 


L - It 


( < i/m r^-D-r. ,!r 

^ m L ( J -ir" 


if y J > 1 


C can be determined and is equal to 

to ii 

(2m) I 


{-- I ) m 1 u 2 m w\ , 


(2m)! 


if x a <I f and is equal 


Hence Q m (x) = 1 (V “ 1 ,.H % r ..] 

if * 2 <1, 


(7) 


and 


&(*)“ 


(— l) m 2 w w! <£_ 
' (2m )! </j-“ 



tl.r ~ 

- 1r ’ 


( 8 ) 


if aj a > 1 . 

(7) and (8) give us for Qn(ir) and 4> t (.r) the values already written in (3), 

(4) , (5), and (C). 

By the repeated application of the formula 

(m + l)^ m+l (as) — (2 m ++ «'V- )(•'*» “ 9. (#) 

which may be obtained for the case where S 1 < 1 from Art. Ill (131 and (14), 
and for the case where **> 1 from Art. Hi (9), any Hurfaee Zonal Hnrmonio 
of the Second Kind can be obtained from Q^r) ami (Jfa) as given in (3), (4), 

(5) , and (6). ’ 
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Analogous formulas for p m (x) and q m (x) can be obtained without difficulty 
from Art. 10 (4) and (8). They are 

+ l)Vm+ ](•*') — (2»>- + — nPllm-li?) = 0 (10) 

aiul /',»+ x (x) + (2m + 1) xqjx) —p m _ ^ar) = 0 (11) 

and they hold good for any value of m. 


EXAMPLES. 


1. Confirm the values of Q {) (x) and (h(.r) given in Art. 100 (3), (4), (5), and 
(G) by expanding them and comparing them with Art. 1G (13), (14), and (9). 

2. If the value of V on the surface of a cone of revolution can be expressed 
in terms of whole powers positive or negative of r, V can bo found for any 
point in space, ef. Art. 81. 


If F=2} f T ) when 0 = a then 

v-V(a r™ i 

~Ay m> ^ »•"•+ V ,P m (eos a) 

3. If V ==^^A m r m -f- ~~~) when 0—a, and V—0 when 0 = P, 

vm ft) <)„,( «>» 6) ' 
»osft)C> m (eos a). 


/. , . \ 4? m(«OH ftPmfooa &) ~ ft) Cm(< «>» 0) ~| _ 

^'\ "* > M + V U m(«c« ft) — •/«(<»>» ft)C M (w>s «) J ‘ 


4. Find V for points e.orresponding to values of 6 between a and /? when 
Fean be given in terms of whole powers of r for $=.a and for 6 —ft. 

r>. Find by the method of Art 1G solutions of Legendre’s Equation of the 
form 


! iW = i 


m (in -j- 1) 


(x — 1) + 


(m — + 1) (w + 3) 


(x-iy 


. (W - !i)(m ~ 1>C» + l)(m + 3) (w + 3) , _ , ... 

' 2 8 (3 !) u ^ ? 

V.<») _, _ st-ytl) (.+!)+fis=^^±2 („ + ty 

+ ( W - 2)(m - l)w(w-)-l)(>B-f 2)(m + 3) + 

2 a (31) a 


If m is a whole numtier, 1 P m (x)—P m (x) and -iP m (x) = (—l) m P m (x). No 
matter what the value of m, *Pjx) is absolutely convergent for —1 < x< 3, 
and _jP m (x) is absolutely convergent for — 3 < x < 1. 
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6 . By the aid of ( 7 ) Art. l(> show that 


J r = y sin Qi log r)k H {i'm 0 ) , j V — 1 sin (a log r y 

yr I V/* 


r— r ( ‘°* s (n log /•)/»•*(<*<>* $), 
Vr 


r ' hig r)i 

\r 


are solutions of Laplace's Equation 


I 


O + Hiu ^ /> # (Hiu 0 //,r»**o. 


"*+(?) ,,, [," J 1 (d ||' 


*(*) = i+*(*) ® * + —l f - i- 

p+Ol-'U::)’ 


i: 


e 


and 


.*+ (:!)■ r«‘ i. (:;)• If,,: 

In (*) =~'7-i+Nf(-O =*•'• H-—-- ‘ ■ 


+ 


|[« s s-(L') 11 




A b (u-) and /.(a-) aro convergent if S l < 1, Imt an* divergent. if 
7. Show by thu aid of Kxumjd.* f» that 


1 


V~^Hin (>‘\o K r)K„{vmO), 

rr 1 

V— ^ cos (n log r)A'„(eos $), 


.. I . 

* ; - .Sin (h log r)A'„i 

Vr 


1 


f - log r)K m i 


are solutions of r/V(rf'; + J - * /, #n - „ 


'+0' 


if 


1 —1 


o ' 1) 


.£±®T*+(sT] 


■>*/•> na 


=* D* 
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and 


K n {— x ) = _iP_| + = 1 ■ 


■+©’ 




© + l) a 


+ w - J =—— C+V+-. 

7f w (eos0) is convergent except for 0 = ir, and K n (— cos 0) is convergent 
except for 0 = 0. 

K n (x), and /f„(—■ ;r) are sometimes called CWrZ Hannon ins. 
They arc particular valutas of £ which satisfy Legendre’s Equation written in 
the form 

For an elaborate treatment of them see E. W. Hobson on “A Class of Spherical 
Harmonics of Complex Degree.” Trans. Oamb. Thil. Soc., Vol. XIV. 

8. If F=/(/•) when 6 = (3, 

0r» Cft 

9. If V =/(>*) when 0 = /£ and r<Ca } and F=0 when r=a } 

V= — \T- f f/A. fra /’(««*) sin sin (a log -\la ; if 6 < /?. 

7T * r./ J ‘ ^ ' A a («>rt /3) \ n rt/ 

— *» 0 

10. If r==/(r) when 0 = /? and ^ < r < Z> ? and F = 0 when r = a 
and when r = i, 

jr_ M V°.l 0 • f W7r(logr —logft) 1 

* A"„.(co 8 fl) L log /> — log a J 


*«•» l 


where 






W7T 


log 0 — log a 


and 


log b *— log 






l'J-± 
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11. Ii‘ 6> ft cos $ must In* n*|»lat*rtl by ms ()) in «*x;tinpl<«s <H 

12. If J P ==/(>•) whan lh ji , and V n w hen w y, 

09 U 


V= 


7rVa 


A , .. 


A"a(0 |,H /f )/„(<'! »N y) — /'..(I'ON y l/ i( |OUH /J) 


‘•tin [«(A- 


if j3 < 0 < y. 

1,‘i. If /'=/(>•) when 0 /i and a </■</,, ; o when 5 
rt </• < A, and r=0 wltrn /•. a and w hi'ii /■ 4, 

m w 00 

r=Ty* “ yi/» <*•'*>• w» _ . Wirtlia; /• —] 

n ^ 1 (<’(>S y! ~ y )/,„ ini", //j 111 luj'4 — 1,, 

where m < _ . "£* 

lug h —* Itig #| 


j __ 2 » /" / % » , . , M7TT 

^“lo K T-V,J 'Vf'"*) «m j 

t* 

if /3<0<y and a < /• < 4. 


14. If !'=/(>■) when 0 ./I and a < /•< and /' 0 w hoi 

and y; r r+/O' = 0 wlian /•. . A, 

"V A‘„ (lam 0) . 

r-X-'«**•" >*(«.>* 'V 

^ A„ (*'•>« fi) \ 4 a/ 

i...* 

j _ __. -'(«.! + A 5 /. 1 ) . •; 

" «i(l«K A — loK a) + A/.( AA ( 1„ k A -1„ k „, f j J * ') *•»» «. 

and a m is a root of the equation 

a eon ]i>k -f- A A nin In# o v . Art. ( 
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101. When wo are dealing with problems in finding the potential function 
due to forces which have not circular symmetry* about an axis and are using 
Spherical Coordinates, we have to solve Laplace’s Equation in the form 


»*"*('• n + f 6 '>.(«» 6 />, V ) + D*V= 0 ( 1 ) 

[v. (xiii) Art. 1]. 

To get a particular solution of (1) we shall assume as usual that V is a 
product of functions each of which involves hut a single variable. 

Lot J r = where ft involves r only, © involves 0 only, and <S> <j> only. 

Substitute in (1) and we get 

L '5 rl! l 4-. J _ 4. 1 = A rn 

Ji dr 1 © sin 0 dO ‘ 4> si w* $ d<f>* ^ 


or 


r sin 2 0 ^ J (/*/»■) 

li d? r 



1 d*P ^ 

i d<j>' 2 ' 


As the first member does not contain <j> the second member cannot contain 
<f>, and as it contains no other variable it must he constant; call it n\ Equa- 
t.ion (2) is then equivalent to the two equations 


and 


d'^P 

d<j>' 2 


+ n'^P = 0 


r . 

rtC(rlt) 1 T Sin 6 dOJ 

li dr~ + MHi>r0 ' tie 


n* 

sin 2 6 


0 


o) 

( 4 ) 


(3) has been solved before and gives us 

<f> = A e<w n<f> + B sin n<f> (5) 

[v. Art !«(«)]• 

The first term of (4) does not involve 0 and the second and third terms do 
not involve r. 


# See note, page 12. 
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[Akt. 101. 


must, then, be a eomtant ; we shall call it /«(/«-)- 1) jis iu Art. 

,/t dr 

13(c). Then (4) breaks up into 

> .^ -•"= >»{»* + *>/« (6) 


and 


,r • v'«‘ 

i 4 s ” 1 V 


sin 0 




m (m 4 1 ) 


niii * IK 




(7) 


((>) was solved in Art. 1H(/’) and gives 

H . 1 A x r m 4 

If in (7) wo replace oos & by /* we get 




m i in 4 1) 



the equivalent of 




tP r 

J/>‘ 


ti.r 


[ 


f* M(M 4 1 1 ■ 


( 8 ) 

(») 


( 10 ) 


[v. (17) Art. 85], which was solved in Art. HA for tin* ease w here m and n are 
positive integers and n < m 4 1. v, (!St and (Ith Art. HA. 

From (19) Art HA we get as a partieular solution of <*h 




l//* w 


mu* 0 


l//4 9 * 


(li) 


ii we restrict ourselves to whole positive values of mi and «» as we shall do 
hereafter unless the contrary is explicitly stated, and Mippuse m not less 
than n. 

A second but less useful part ieular solution of pj) is 




a 


*} *9 

/A 


e 1 

t/n n 


Combining our results we have as important particular solutions of pi) 


and 


r m (A eos Htf> 4* sin «<£) hin w it ^ ^ * 

F= ■ , ( ;yy (A eon iuf> 4 it sin sin # 6 m ^j£l , 

r 


where m and n are positive integers and n < m 4 I. 


( 12 ) 

(i;ii 
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d n P fa) d n P ( 

102 . sin” 6 —— or (1 — yu, 2 )” — is a new function of fi, that is 

of cos and we shall represent it hy /^‘(yu)* and shall call it an associated 
function of the wth order and mth degree. It is a value of © satisfying 
equation (9) Art 101. 

By differentiating the value of P m (x) given in (9) Art. 74 we get the formula 




(2 m) ! sin" $ 
2 "' in ! (in — a) l 



■ n) (///. 
2. (2 m 


n 

i) 



2 




"— " — j)(w. — n — 2 ) (m—w—3) _ 4 

2.-1. (2 l)(2w —;{) ^ 



the expression in the parenthesis ending with the term involving yu, 0 if m —- n is 
even and with the term involving yu, if m — n is odd. 

For convenience of reference we give on the next page a table from which 
l\n(lA) can be readily obtained for values of m and n from 1 to 8. 
cos w^i^yu) and sin n<t> /*,?(/*), that is, 


d n I > (a) 
cos n<j> sin” 0 — , ‘ ~ 
<I/jl h 


and 


sin n<f> sin” 0 


d/ji n 


are eallod Tessera f. Harmonics of the mth clogroo and nth order, and are 
values of V wliic.h satinfy the equation 


+ 1) r+ J n e J>,(*mOJ>,V) + ^J>lV=0 (2) 

or its equivalent 

«</« + nr+ /> M [(i -/*»)/vr] + -~- 9 J>iv=o. (3) 

l fAf 

There an* obviously 2 m + 1 Tessera! Harmonics of the mth degree, namely 


e m (M). <•<>« <#> Hill $ ---jjf . 

sin <#> Kin 0 

dfjL 

cos -<f> Kin- 0 —ff, 

sin 2$ sin 2 0 ~> W a^ 
dfM* 

com :\<t> 

dfJL 9 

Hill 2<#. Hill* $ 

' dfP 

/> r tt\ 

cm 6- ^^, 

sin vi'<f> Kin m 6 

^ djx m 


If each of these is multiplied by a constant and their sum taken, this sum 
is called a Surface S/dicricat Harmonic of the wth degree, and is a solution of 
equations (2) and (2). We shall represent it hy F m (ya, <f>) or by F m (0, $). 


* Mont of the English writers represent this function hy T”(g). 
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n = 1. 
1 

y / 


jj(v-w 

■— (21 /i 4 — M/u- + 1) 

n 

“7 M /** 1 4 " fyl) 

H 


i y 


(od *- t ) 

ny 

1 < n» ,, „ 

m;» 

(V 1 a) 

<w* 

'-(.■IV- I *.<■■> t I) 

;;i» 

(Ha 1 


Hi 

i 

1(1 


- (421V 1 — 405/a 4 +■ l^y-o) ^ (I IU« A 1 ty 4 I Km) 


a*.* 

H 

:ti«i. 


— (7ifv T -ioin/ + :iK.v jo’(i u:w i i) M 


(i hi,, 4 

{Riy* 


r m Y in (jj,, <f>) and I r ,„ (/x, </>) an* called Sa/td S)dnv!vtf/ Ihtrumn 

with. degree, and an* solutions of Laplace’s Equation c 1 1 Art, HU. 

To formulate- 


■1 «*(/L <A) : 


n m 

■X[- 


1„ cos h<I> sin* $ 


dfi n 


H m sin mf> sin* (i 


t/n" 


or <f>) ~-tJ’Jp) +2)M» ,MW r ll « • H ' n '"t'VZifx) 

n ~ I 

is a Surface Spherical Harmonic of the ///11 1 degree, 

A Tessera! Harmonic, is a special cast' of a Surface Spherical Harm 
a Zonal Harmonic a special caw* of a Tessera! Harmonic; I I 

Tessera! iHarmonie of the zeroth order and tin* //itIt degree; it i 
written 


EXAMPLES, 

1. Show that 

(, _ .,*> - IV 2 -f [»/„» + 1)~, " J r3 | O 

reduces to 

0 ^ a ) ^ ~i n + 1 d* [m(m f* 1 1 — mn -{ I < ] #/ * 0 

if we substitute ^1 — ^ftlt for z, even when m and n are unrestrief ei 
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csc« e PM = 


d n P m (M) 

d/j? 1 


n = 4. 

n = 5. 

a = 0. 

n = 7. 

n = 8. 
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045/* 

045 





io;!«r>A 

io:)05 




"““(.V-l) 

1:1C136/1 

13C13C 


--If- ((IV - a<iM a + 1) 
s 

“-“(V-g) 

~ 2 - - (15/x- 2 — 1) 

2027021)^ 

2027025 


2. Show that if in the seeond equation of Ex. 1 wo let i/=^a % x k we get 

(v. Art. 16) 


__ (w ~~ fl ~~ k)(m + // + 1 + k) 

' , * +a ~ ' "(A+iy^+B) ®* 


- and 


whenee z~/>£(*) and x=st/*(jr) are solutions of the first equation of Ex. 1, 
no matter what the values of m and a, if 

iw )=o - ->; [' - , . , s=iKj 1 ± 2 .tJ)^ 

(in — //)(/« — « — 2)(m +" + l)C»i + » + 3) , ”| 

- -■ x j 

(m — n — \)(m + ii + 2) 

•* ““ ;|i . * 

(m — u — 1 )(nt — ii — .'!){■/// -f n + 2)(m + n -f 4) , 1 

■*" ' . ' 5! * J - 

If in — n is a positive integer, /;£(,<•) or y*(x) will terminate with the term 
involving and in that rum* 

- - n—x*)* Tj-"— - ( ' U ~ a 

. ( m — n )(m —■ n — l)(m — ii ~‘2 )(m, — n — 3) __ ~| 

i " ' .‘ L\4.(2/« — — :i) * ~ '"J’ 
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[Altr. 103. 


the parenthesis ending with a term mvulutig .<■ it in — n is even and x jf 
m — n is odd, is a solution of the first- equation of hs. 1. It m und « are 

. — ii)'. ... 

integers this value of x is ' mV J' 

103. Wo have seen in tin* last, chapter that, in many problems it, is import¬ 
ant to he able to express a given fuuetion of eos tK that is of ft, it, terms „f 
Zonal Harmonies of p. So it is often desirable to express a given tmiction of 
H and <j> in terms of Tcsseral Harmonies ot /* and </». 

If, for example, we. are trying to tind the /\.iVh/,W l'unrtl, n due to c,.rp,i u 
forces and have the value of the function given tor some given value of ,\ 
that is, on the surface of some given sphere whose centre is at the origin uf 
coordinates, of course the given value will t*e a inaction ot 0 ami •/> amt if \vo 
can express it in terms of Spherical Harmonic* of (i ami tf> we have only to 
multiply each term by the proper power o! r to get tin* required solution of 
the problem. Eor we shall then have a value of I* satistying baplitce’s 
Equation and reducing to the given fuuetion ot $ ami tf> on the surface of tin, 
given sphere. 

104. Suppose that we have a function of ft ami <f> given tor all points on 
the unit sphere, that is, for all values of p from - J t.> l and for all values of 
<f> from 0 to 27 r, /a and <f> being independent variables, and that we wish to 
express it in terms of Surface Spherical Harmonic*. 

Assume that 


fQi, <£) eos -f }l, m sin |. (!) 

m m 0 h — l 

Let us consider first a finite easts and attempt to determine tin • eortllcieutK 
so that 

tnzap n «*• in 

fip-,<t>) =x[^ 7 -w r,m **»I (-) 

in a* 0 n | 

shall hold good at as many points of t he sphere iw jitw^ililo. Tin* expression 
in brackets in the second member of t2) in a Surfuee Spliorioiit Harmonic of 
the wth degree and contains 2m 4 s * l colon!unt eoettiriefits. The whole number 
of coefficients to ho determined is thou tin* hiiiii of an Aritlimotieai Progression 
of jp -f* 1 terms the first term of which is 1 nml th» last U + 1» and is 
therefore equal to (/>+ 1)1 

Let the interval from ^ = 1 to l ln» divide*! into p -f* 2 parts *%teh of 

which is A/4 so that (/>-}- 2)\jm = 2» and lid flu® interval fnun tj» n to $ 2rr 
be divided into p + 2 parts (*aeh of which is X4 M « tfml t/# + 2§A4 - 2w , 
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Thou if wo substitute in equation (2) in turn the values (— 1 + A/a, A<£), 
(— 1 + -A/a, A^), * * • [-— 1 + (p + 1)A/a, A<£]; (— 1 + A/x ? 2A <j>), 
(— 1 + b'A/x, 2A<£), • • • [— 1 -|- (/; + 1 )A/a, 2A$]; ■ • • [— 1 + A/a, (y> + l)A<j£>], 
[— 1 + ^A/x, (/> + 1 )A< ft), • * - [— 1 + (/; + 1)A/a, (p + 1)A<£]; since the first 
member in each rase will be known we shall have (/>+ l) a equations of the 
first degree containing no unknown except the (/> + l) 2 coefficients, and from 
them the coellirients ran be determined. When they are substituted in equa¬ 
tion (2) it will hold good at the + l f points of the unit sphere where ^ + 1 
circles of latitude whose planes are equidistant intersect p-\~\ meridians 
which divide the equator into equal ares. If now p is indefinitely increased 
the limiting values of tdto coefficients will be the coefficients in equation (1), 
and (1) will hold good all over the surface of the unit sphere. 

To determine any particular constant, we multiply each of our (/; + l) 2 
equations by A/x A $ times the coeflicirnt of the constant in question in that 
equation and add the equations and then investigate the limiting form 
approached by tin* resulting equation as p is indefinitely increased. 

As p is indefinitely increased the summation in question will approach an 
integration; and since dp d<f> — sin 6M6 d<f> is the element of surface of the 
unit sphere, ami as the limits — 1 and 1 of /x correspond to t r and 0 of 6 the 
integration is a mtrfttrv infvtfration over the surface of the unit sphere. 

In determining any coefficient; as in (1) the first member of the limiting 
form of our resulting equation will he 

2 ff l 


p'(/A <t>) <■"« »4> /„(/*>//*• 


III the second member we shall come act-own terms of tlm forms 


a i t a* « 

| sin /</> cow n4> jM f vm l< f> C(,s n $ 

0*1 0 l 

H : i 'if l 

| #/«/* j sin con tnj> [ /'"{^ydp, f.i* 

U * l 0 % 1 

and other terms all of which come under the form 

•iff ^ 

p/</> j' <t>) > mO. 4>)'¥> 

II * l 

where Yj/x, <f>) and !',(/*, <l>) are Surface Spherical Harmonies of different 
degrees. 

If WO are dnterminiuK a eoeflieient the only difference is that sin«<£ 
and cos n<f> will Is- interchanged in the forms just specified. 



